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Abstract

A concentration index, a standardised covariance between a health variable and relative income ranks, is
often used to quantify income-related health inequalities. There is a lack of formal approach to study the
effect of an exposure, e.g., education, on such measures of inequality. In this paper we contribute by filling
this gap and developing the necessary theory and method. Thus, we define a counterfactual concentration
index for different levels of an exposure. We give conditions for the identification of this complex estimand,
and then deduce its efficient influence function. This allows us to propose estimators, which are regular
asymptotic linear under certain conditions. In particular, we show that these estimators are /n-consistent
and asymptotically normal, as well as locally efficient. The implementation of the estimators is based on
the fit of several nuisance functions. The estimators proposed have rate robustness properties allowing for
convergence rates slower than /n-rate for some of the nuisance function fits. The relevance of the asymptotic
results for finite samples is studied with simulation experiments. We also present a case study of the effect
of education on income-related health inequalities for a Swedish cohort.

Keywords: efficient influence function, Gini index, machine learning, rate robustness, record linked data, semiparametric efficiency
bound

1 Introduction This kind of inequality has been observed for many health

indicators earlier in the literature (Ngamaba et al. (2017);
Schwendicke et al. (2014); Sommer et al. (2015); Wallar et al.

In the health inequality literature, a concentration index is
often used to quantify socioeconomic-related inequality in a

given health variable Y (see, e.g., Ataguba, 2022; O’Donnell
et al., 2008, and citations therein). If a continuous variable
I (we use income in this paper), is used as a socioeconomic
measure, the concentration index

_ 2con(Y, i)

E(Y) )

is a standardised (valued between -1 and 1) covariance be-
tween the health variable Y > 0 and the relative income ranks
E(I); see, e.g., Koolman and van Doorslaer (2004). In a case
study described in detail in Section 4, we use register data on
all those born in Sweden during year 1950, and obtain an es-
timate (using observed relative ranks and sample moments)
G=-0.379 (s.e. 0.007), when Y is an indicator of death
between 50 and 60 years of age, and I is the average an-
nual income while alive during the same period of time. The
observed negative sign for G can be interpreted as income-
related inequality in survival for the 1950 Swedish cohort.

(2020)). While quantifying inequalities is of interest, an im-
portant question is to understand their causes. In this context,
a hypothesis is that the increase in the educational level of
a population could potentially be used to decrease income-
related inequalities in health (Gerdtham et al. (2016); Heck-
ley et al. (2016)). Thus, if E denotes education level, a coun-
terfactual scientific question of interest is whether exposing
a group of individuals to a given higher level of education
would lower inequality in health (less negative concentration
index). A naive investigation of this hypothesis is to estimate
G separately for individuals having different education levels;
see Figure 1. However, because of confounding this would
most probably give a biased answer to the above counterfac-
tual question of interest.

A related literature studies causal pathways explaining
health disparities, where, for instance, one may be interested
in how education can affect health through income where the
latter is then a mediator; see Jackson (2021); Jackson and
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Figure 1 For each education level, observed income cdf for the survivors, Y = 0 (blue, right-hand side), and observed income cdf for the non
survivors, Y = 1 (red, left-hand side). Corresponding values of G are: @(0) = —0.424, 6(1) = —0.388, 6(2) = —0.323.

VanderWeele (2018), and references therein. Such a medi-
ation analysis focuses on the causal mechanisms linking in-
come to health, and is based on income and health variables
observed in a time sequence. On the other hand, the con-
centration index studied herein put the focus on simultane-
ously observed income and health variables, looking at their
co-variation. This is a traditional measure of socioeconomic-
related health inequality, and there is a lack of formal
methods to study effects of exposures on the concentration
index.

In this paper, we thus contribute by developing the theory
and methods in order to answer counterfactual questions on
concentration index (1). Note that the special case with Y =1
(Gini index, Milanovic, 1997) was discussed in Imbens and
Rubin (2015, Sec. 20.3.2) and Chernozhukov et al. (2013).
We use the potential outcome framework (Holland, 1986; Ru-
bin, 1974) to define a target counterfactual concentration in-
dex corresponding to (1). We contribute by giving conditions
for identification, and deducing the efficient influence func-
tion (EIF) of this complex target estimand. This allows us to
propose estimators of the counterfactual concentration index,
which are regular asymptotic linear under certain conditions
(Hines et al., 2022; Kennedy, 2016; van der Vaart, 1998). In
particular, these estimators are /n-consistent and asymptoti-
cally normal, as well as locally efficient. The implementation
of the estimators is based on the fit of several nuisance func-
tions: e.g., regressions of the health and exposure variables
on covariates, as well as counterfactual ranks of the income
variable. The estimators proposed have rate robustness prop-
erties allowing for convergence rates slower than /n-rate for
some of the nuisance function fits, which can thus be obtained
using flexible machine learning algorithms. These results are,
however, more complex than similar known rate robustness
results for simpler causal estimands such as the widely stud-
ied average causal effect of an exposure on an outcome of
interest (see, e.g., the reviews by Kennedy, 2016; Moosavi
et al., 2023; Smucler et al., 2019). We operationalinse two
different EIF-based estimators, which necessitate atypical pro-
cedures to fit some of the nuisance functions involved. The
proposed estimators are compared with the superefficient
plug-in estimator in simulation experiments, where robust-
ness properties to misspecification of nuisance models are also
investigated.

The paper is organized as follows. Section 2 introduces the
target estimand, conditions for identification, deduces the ef-
ficient influence functions, propose EIF-based estimators and
give asymptotic properties. Section 3 uses simulation experi-
ments to study finite sample properties of the estimators pro-
posed. Section 4 presents a case study where the effect of ed-
ucation on income-related health inequality for Swedes born
in 1950 is studied. Section 5 concludes the paper.

2 Theory and method
2.1 Assumptions and identification

For a sample of n individuals, we observe two outcomes
of interest: a health variable Y > 0 (e.g., survival, disease
incidence, hospitalisation, etc.), and a socioeconomic vari-
able I (continuous, typically income), which we want to re-
late to study health inequality. Further, we consider an ex-
posure of interest (categorical, e.g., education level E), as
well as a vector of observed pre-exposure variables X. Let
E=0,1,...,K—1, i.e. K levels of exposure are observed.
The observed data distribution of O = (Y, I, E, X) is denoted
P. For the outcome variables, we define their potential out-
comes (Rubin, 1974) under each exposure level: Y (e) and I(e),
e=0,...,K—1. For each individual in the sample, only one
pair {Y (e), I(e)} of these potential outcomes will be observed.
We assume consistency, that is the observed outcomes are
Y; =Yi(e)and [; = L;(e) ifE; = e, fori =1, ..., n, and that there
is no interference between individuals (see, Rubin, 1991).

We use a concentration index valued between -1 and 1 to
measure health inequality with respect to a socioeconomic
variable:

2con(Yi.F (I F(ViE VR
G= Cové(yi)l( ¥ _ 9 ([E(llfi() ) 2E{F)} = 2 [[E(llﬂ-() ) 1,

where E(Y;) > 0, and F(-) is the cumulative distribution
function of I; (e.g., Koolman and van Doorslaer, 2004).

Interpretation of the index G corresponds to the Gini index
(Milanovic, 1997) when Y = I.

We are interested in the causal effects of an exposure E
and we use the potential outcomes to define counterfactual
versions of the concentration index as follows:

ElYi(e)Fe{Li(e)}]

) = 2 ¥ o) ’

(2)
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where expectations are w.r.t. the distributions of the random
variables {Y (e), I(e)}, with E{Y;(e)} > 0, and E,(-) is the cumu-
lative distribution function of I;(e). The causal parameters of
interest are the contrasts

0(e) = G(e) — G(0), e=1,...,K—-1.

These correspond to the causal effects of different exposure
levels. In an observational study, where the exposure is not
randomised, we make the following assumptions to obtain
identification.
Assumption 1: Fore=0,...,
iDI(e) LE | X,
where ” | ” stands for "independent” (Dawid, 1979).

K—-1,DY(e) LE | X,

Assumption 2: Y(e) LI(e) | X, fore=0,...,K—1.

Assumption 3: Y(e)F.{I(e)} LE | X, for
e=0,...,K—1.

Assumption 4: 7.(x):=Pr(E =e|X) > 0, for
e=1,...,K—-1.

Assumption 1 states that given a set of observed covariates,
the exposure is ignorable for the health outcome Y (e) and the
socioeconomic outcome I(e). Assumption 4 guarantees that
all individuals in the study can be exposed to the different
levels of E, and are therefore comparable. These are typical
assumptions in observational studies, unless other identifi-
cation information is available, e.g. the existence of media-
tors or instruments (e.g., Fulcher et al., 2020; Gorbach et al.,
2023). Finally, Assumptions 2 and 3 are two different alter-
native assumptions for the identification of the numerator of
G(e). Assumption 2 is stronger but yields simpler estimators
than Assumption 3. Note that in Assumptions 2 and 3 one
could replace X by X’ 2 X. That is, although certain covari-
ates induce correlation between Y (e) and I(e), we would as-
sume that only a subset of these covariates confound the re-
lationship between E and the outcomes Y (e) and I(e). All our
results hold under this more general case, but for simplicity
of notation we use X’ = X. Further, note also that a sufficient
condition for Assumption 3 to hold is {Y (e), I(e)} LE | X, for
e=0,...,K —1 (astronger version of Assumption 1).

Proposition 1 (Identification): Let Assumptions 1 and
4 hold, as well as Assumption 2 or 3. Then, G(e), for
e=1,...,K—1, and thereby 6(e), are identified,
where the following functionals of the observed data
distribution P identify G(e), respectively for j =1
(Assumption 2) and j = 2 (Assumption 3):

A;(P)

Gle)=v;(P)=2 BJ(P) -1, 3

with
A (P) =E[E(Y | X,E = e)E{E.(I,P) | X,E =¢}], (4
Ay(P) =E[E(YE.(I,P) | X,E = e}], )

and B(P) = E{E(Y | X, E = e)}, where
E(i,P) =E[E{a(I <) | X,E =e}].

See Supplementary Material Section 1 for a proof.

Thus, by this proposition, the two statistical parameters ¥,
and W9, have a causal interpretation under Assumption 2 and
3 respectively.
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2.2 Efficient influence function and estimation

We use semiparametric theory (van der Vaart, 1998) to ob-
tain locally efficient estimators of W; and W, with some ro-
bustness properties and in particular which allow for the use
of machine learning algorithms for the estimation of the nui-
sance functions. For this purpose we deduce first the efficient
influence function of the statistical parameters of interest.

Theorem 1 (Efficient influence functions): Let
Assumptions 1 and 4 hold. Then, the efficient
influence functions for ¥; (under Assumption 2) and
W, (under Assumption 3) are, respectively, for
observation 0 = (¥, ie X),

~ o, (0,P) (6. P)A;(P)
¢i(0,P) =2 AE(P) -2% (1)3(7?)2 ’
j=1,2, where
- 1(e =
¢a, (0, P) = e(“) Lyue(l P)

—E(Y | X,E = e)E{E.(I, P) | X,E = e}]

+E(Y | X, E = e)E{E.(I, P) | X.E = e} — A1 (P)
+[E[[E(Y | X,E = e)E{pzI,0,P) | X,E = e},
on, @ P) = 2E= e ) [§78.GP) — E(Y B P) | X E = ¢]]
+E{Y E.(I,P) | X, E =e} — Ay(P)
+E[E{Yp=z(I,0,P) | X, E = e}],
- 1(€=e) . -
vp(0, P) = m{y—[(Y | X, E = e)}
+E(YIX, E = e) — B(P),
with
~ 1(e= ~ . o~
vs(j,0,P) = %[1(1 <j)H-E1d<j)|X.E=e}l

+E1UT < ) | X, E = e} — Ee(j, P).

See Supplementary Material Section 2 for a proof.

Using these influence functions we can construct well-
behaved estimators. However, consider first the naive plug-
in estimators W (73,1) and \112(73,1), where we replace the ob-
served data distribution with its empirical version P,. This is
done by using data driven fits of the nuisance regression func-
tions in (3); see Supplementary Material Section 6 for details.
The plug-in estimator is well-behaved when correctly speci-
fied parametric models for the nuisance functions are fitted
(ensuring parametric /n-rate of convergence). On the other
hand, if these parametric models are misspecified then the
plug-in estimator is biased, and if flexible machine learning
methods are used, its bias converges only very slowly to zero
when it does, see Moosavi et al. (2023) and Kennedy (2016)
for reviews.

There are several ways of constructing well-behaved, i.e.
regular and asymptotic linear, estimators using the efficient
influence functions of Theorem 1, including one-step esti-
mators, estimating equation estimators and targeted learn-
ing (see, e.g., Chernozhukov et al., 2018; Farrell, 2015; Hines
et al., 2022; van der Laan, 2014). We focus here on the one-
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step estimator

~ 1 ~
WP + lew,-(oi, Pn), (6)
1=
and the estimating equation estimator, which is the solution
of

1« -
> 9i(0;, Pa) = 0. @)
i=1
Note that while estimators (6) and (7) are equivalent when
the target estimand is the average causal effect of an exposure
(Hines et al., 2022), this is not the case here.

The one-step estimator (6) of W; is the sum of the plug-in
estimator and the average of the estimated influence function
over the data.

For instance, under Assumption 2 (i.e., for ¥ ), one can note
from looking at W, (7’5,1) and ¢1(O, 73,1) (see Theorem 1) that
five nuisance functions need to be fitted. Those include the po-
tential health outcome model M .(X) :=Ep(Y | X = x,E = e),
the propensity score 7.(X), the counterfactual ranks of in-
comes Z.(I, P), as well as the unusual functions: Ep{E.(I, P) |
X,E = e}, and

Erco) (Eraix [Epdiz) {1(75 DIXE= e} | X,E=e]).

While M.(X) and 7.(X) are classical regression functions,
the last three nuisance functions are less straightforward to
fit: all three can, however, be obtained by regressing 1(I < i)
on X, and there is, therefore, effectively only three nuisance
models under Assumption 2: M.(X), 7.(X), and N.(i,X) :=
Ep{1(I <i)|X,E = e}; see Supplementary Material Section 6
for the operationalisation and implementation details.

2.3 Asymptotic properties

The estimators (6) and (7) are bias corrections of W;(7P,) jus-
tified by the von Mises expansion:

VA () = Wi(P) + Ealg; (0. P} | = VA {90, P)

+/M(En — Ep) {9 (0, P) — ¢;(0, P)} — /AR;(P, Py).(8)

where E,(0) := % Z?:l O;. The central limit theorem can be
applied to the first term on the right hand side under usual
regularity conditions, yielding the asymptotic normal distri-
bution

N[O, Ep{p(0, P)*}1, 9

while the last two terms need to be controlled for, i.e. we
need conditions so that they are of order op(1). When this is
the case, the estimators are asymptotically normal and have
variance that reaches the semiparametric efficiency bound
Ep{p(0, P)?} (e.g., Kennedy, 2016).

The empirical _ process term J/n(E, —
Er) {;(0, P) — ¢;(0, Pp)} is op(1) if ¢;(0,P,) is weakly
consistent for ¢;(0, P) and ¢;(O, P,) belongs to a P-Donsker
class (van der Vaart, 1998, Lemma 19.24). This Donsker
condition is not needed if sample splitting is used to esti-
mate the nuisance models in a separate split of the data
(Chernozhukov et al., 2018; Zheng and van der Laan, 2011).

Importantly, we need to show that the remainder term
JNR;(P, P, is controlled. For this purpose, we use additional

assumptions provided in Supplementary Material Section 3.
In particular, product rate conditions on the fit of nuisance
functions are used and those are discussed in Remark 1 be-
low.
Note that Athe remainder ‘ term can be wrgten as
VAR(P, Po) = 1 [W;(P) + Ep {90, )} — w;(P)],
and can be controlled as follows.
Theorem 2 (Controlling the remainder term): Under
Assumptions 1, 2, 4, as well as 5, 6, 8, and 9 in the
Supplementary Material Section 3

VAW (Po) + Ep {910, P)} — W1 (P)] = 0p(1).

Further, under Assumptions 1, 3, 4, as well as 5, 7, 8,
and 9 in the Supplementary Material Section 3

VA [Wa(Po) + Ep {9200, Po)} — Wa(P)] = 0p(1).

See Supplementary Material Section 5 for a proof.

The direct consequence of this last result is that under the
assumptions made the one-step estimator is regular asymp-
totic linear, and has asymptotically normal distribution (9).
Note that this theorem also applies to the estimating equa-
tion estimator (7), but where the assumptions have to hold
for 7’5:, a different empirical distribution. Because the latter is
not explicit, the assumptions are difficult to verify.

Remark 1: The product rate conditions used in the
theorem above imply the following rate robustness
properties. Under identification Assumption 2, if
ﬁe(i,X) and L5, {N(I,)?) | X, E = e} converges at the
J/n-rate then 1\716 and 7.(X) can converge at the slower
n'/4_rate. Moreover, if all M,, N,(i, X) and
Es, (N I, X ) | X, E = e} are \/n-consistent then 77,(X) is
allowed to be biased. Under Assumption 3, the above
two statements still hold, if the extra nuisance
function fit Eﬁ"(x1|X){Y E.(, 7/5,1)|X, E = e} also has
convergence rate n'/* and n'/? respectively. Finally,
Assumptions 6iii) and 7iii) are product rate conditions
involving E.(I, 73,1) and a second term whose
convergence is difficult to study. Thus, in practice,
this entails the need for a /n-consistent fit of the
nuisance function E.(I, P), which is achieved, e.g., by
using a correctly specified parametric model for
N.(i, X).

In summary, sufficient conditions for Theorem 2 to
hold under Assumption 2 are, e.g.: (1) A correctly
specified parametric model for the distribution of
I(e) | (X, E = e), Ve, is available; and

one of the following holds: (2a) ﬁe(X ) converges at
J/n-rate, or (2b) both 7,(X) and ﬁe(X ) converge at
the n'/#-rate. Under Assumption 3, then sufficient
conditions are, e.g., (1), (2b), and (3)

E;n(mx){Y B.(I, 7’5,1)|X, E = e} has convergence rate
nl/4

2.4 Estimating the nuisance functions

In this Section, we propose an estimation strategy for the
nuisance functions that ensures the rate conditions required
for asymptotic normality (sufficient conditions given in Re-
mark 1). Estimating both the health-outcome model M,(X)
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and the propensity score m.(X) at the required n'/ rate can
be achieved by conventional machine learning methods under
standard regularity conditions, including Neural Networks
(Farrell et al., 2021; Ghasempour et al., 2024) and Lasso
(Farrell, 2015).

The remaining nuisance functions are obtained by assum-
ing a parametric model for the distribution of I(e) | (X, E = e).
If we assume that I is a linear function of X with an addi-
tive Gaussian noise, then one can show that both N, (i, X) and

E{N.U, X)X } are probit regressions for the binary outcome
1(I <) as a function of X, and, respectively, for the bmary
outcome ]l(I <1I) as a function of covariate contrasts (X —
X). Finally, taking the average [En{Ne(l X)) = [En[[EP {1 <
i) | X}1, yields the estimator: E.(i, 73,1) Step-by-step instruc-
tions for constructing these two models are provided in Supp
lementary Material Sections 6.1 and 6.2.

3 Simulation study

We perform numerical experiments in order to study the finite
sample properties of the estimators proposed. We consider an
exposure E with three levels, for which we define three po-
tential incomes I(0), I(1), and I(2), as well as three poten-
tial health-related outcomes Y (0), Y(1), and Y (2). All poten-
tial outcomes are assumed to be determined by values of two
covariates X1, X3, ~ N(1, 1), and X, ~ N(10, 1) plus additive
normally distributed noises as follows:

1(0) = 20 + 9X; + 3Xs + X3 + 0, I(1)
= 50+ 6X; +2.4Xs + X3 + €1, I(2)
= 100 + X; + 0.9X, + €3,

Y*(0) = 38 — 10X; — 4X, + BX3 + €3, Y*(1)

= 33.5-10X; — 3Xy + BX3 + €4,

Y*(e) if Y*(e) > 0,
0 if Y*(e) <0,

where § =0 or 0.5and ¢; ~ N(0,0.1) for j=0,...,5.

The additional covariates X4, X5, Xg, X7, Xg ~ i.i.d. N(1, 1)
are included in the dataset but do not contribute to either
the treatment assignment or outcome models. Their inclusion
serves to increase the dimensionality of the data, making the
estimation process more realistic and challenging for model
fitting.

Treatment levels (e = 0, 1, 2) are assigned with the proba-
bilities:

Y*(2) = 31 - 21X; —1.5X; + €5, and Y(e) =

70(X) = ! LX) = exp()

1+ exp(ly) + exp(lz)

exp(lz)
1 +exp(ly) +exp(lz)’

where I} = (5(X; +X») — 55)/(104/2), and I, = (3v/2X; —
43./2 + 4/2X,)/(10+/2). To approximate the potential con-
centration indexes for this data generating process, we use a
random sample of size one million and obtain G(0) ~ —0.927,
6(1) ~ 0.079 and 6(2) ~ 0.316. These are used as true values
when computing biases and empirical coverages.

We use sample sizes n = 1000,5000, and 1000 repli-
cates. The estimators studied are the plug-in, and two ef-
ficient influence function (EIF) based estimators: the one-
step estimator (6) (denoted EIF_ 1S) and the estimating

m(X) =

1 +exp(ly) + exp(lz)’
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equation estimator (7) (denoted EIF EQ). For this pur-
pose we use the EIF obtained in Theorem 1 under As-
sumption 2. The deployment of these estimators is de-
scribed in the Supplementary Material, Section 6, includ-
ing how the nuisance functions are fitted. All compu-
tations are done using the software R (R Core Team,
2019).

Results for 8 = 0 on bias, standard errors (both Monte Carlo
and estimated), and coverage (using the estimated standard
errors) for 6(1), 6(2) are displayed in Table 1 and 2 for n =
1000, 5000 respectively. For completeness, we give also re-
sults on the estimation of G(0), G(1), G(2) in Supplementary
Material Section 7, Tables 5-10. Note that we study the ro-
bustness of the results to the identification Assumption 2 by
considering 8 = 0.5. This corresponds to partial correlations
between Y*(e) and I(e) given Xj, X, of 0.71 for e = 0 and
e =1, i.e. a fairly strong violation of Assumption 2. The re-
sults are displayed in the Supplementary Material, Section 8,
Tables 11-18: we can see that the results are qualitatively
similar to the case 8 = 0, i.e. the inference is here robust to
a violation of Assumption 2. Estimated standard errors are
obtained by computing the sample variance of the fitted ef-
ficient influence function. Note that this corresponds to the
asymptotic semiparametric efficiency bound. The plug-in es-
timator is on the other hand superefficient if the correct nui-
sance models are used (Moosavi et al., 2023) and thus us-
ing this same standard error may yield conservative empiri-
cal coverages in such cases. To investigate robustness to mis-
specification of the nuisance functions (Remark 1) we replace
the covariates used to simulate the data with transformations:
X; = longz, j =1, 2. Thus, the tables include results for dif-
ferent strategies, depending on whether nuisance models are
correctly specified (correct parametric models are fitted, i.e.
Tobit regression for health outcome and multinomial logit for
exposure), incorrectly specified (same models are fitted but
covariates are transformed as described above), or nuisance
models are fitted using a flexible model: bagging random for-
est (Hastie et al., 2001) (see Supplementary Material Section 6
for details). Given the theoretical results we have (see in par-
ticular Remark 1) we consider five situations: all nuisance
models are correctly specified (labeled ”correct M,, correct 7,
correct N,”); only exposure probabilities 7.(X) are misspeci-
fied ("correct M., incorrect 7, correct N,”); exposure proba-
bilities and health outcome models are fitted with bagging
random forest, while income models are correctly specified
("flexible M., flexible 7, correct N,”); exposure probabilities
and health outcome models are fitted with with bagging ran-
dom forest, while income models are misspecified ("flexible
M., flexible 7, incorrect N,”); only health outcome models
are misspecified ("incorrect M,, correct m, correct N,”). The
results confirm the following expected results from the theory
presented: a) the plug-in estimator performs well when M, is
correctly specified but can be seriously biased when the latter
nuisance model is misspecified or fitted with flexible machine
learning, yielding in such cases low coverages; b) on the other
hand, as long as N, is correctly specified, EIF_1S estimator be-
haves well (low bias, correct coverage) when M, and 7 (e) are
fitted with flexible machine learning; c¢) EIF_1S estimator also
behaves well when 7 (e) is misspecified if M, and N, are cor-
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Table 1 Sample size n = 1000: Bias, standard errors (both estimated, est sd, and Monte Carlo, MC sd), and empirical coverages for 95%
confidence intervals over 1000 replicates. Five cases: Correct parametric models for all nuisance functions, only = misspecified, flexible bagging
random forest fit for M, and = with well specified and misspicified N, and finally only M, misspecified.

(1) 0(2)
Estimator bias MC sd est sd coverage bias MC sd est sd coverage

correct M,, correct w, correct N,

Plug-in -4e-04 0.006 0.007 0.966 -0.001 0.020 0.020 0.961

EIF_EQ -0.003 0.006 0.007 0.962 -0.001 0.020 0.020 0.957

EIF_1S -0.006 0.007 0.007 0.904 -0.001 0.022 0.020 0.929
correct M,, incorrect i, correct N,

Plug-in -4e-04 0.006 0.007 0.966 -0.001 0.020 0.020 0.962

EIF_EQ -0.002 0.006 0.007 0.969 le-05 0.020 0.020 0.955

EIF_1S -0.003 0.007 0.007 0.954 0.001 0.022 0.020 0.931

flexible M., flexible r, correct N,

Plug-in 0.012 0.017 0.025 0.958 0.025 0.023 0.029 0.889

EIF_EQ 0.009 0.020 0.025 0.977 0.014 0.025 0.029 0.944

EIF_1S -0.006 0.029 0.025 0.969 -0.010 0.035 0.029 0.926
flexible M., flexible r, incorrect N,

Plug-in 0.247 0.043 0.239 0.996 0.425 0.043 0.201 0.242

EIF_EQ 0.028 0.443 0.239 0.998 0.096 0.441 0.201 0.998

EIF_1S -0.213 0.149 0.239 0.939 -0.259 0.126 0.201 0.869
incorrect M,, correct 7, correct N,

Plug-in 0.276 0.068 0.107 0.189 0.367 0.066 0.095 0.010

EIF_EQ 0.286 0.068 0.107 0.117 0.330 0.074 0.095 0.017

EIF_1S 0.208 0.063 0.107 0.524 0.181 0.065 0.095 0.539

Table 2 Sample size n = 5000: Bias, standard errors (both estimated, est sd, and Monte Carlo, MC sd), and empirical coverages for 95%
confidence intervals over 1000 replicates. Five cases: Correct parametric models for all nuisance functions, only 7= misspecified, flexible bagging
random forest fit for M, and = with well specified and misspicified N,, and finally only M, misspecified.

0(1) 0(2)
Estimator bias MC sd est sd coverage bias MC sd est sd coverage

correct M,, correct w, correct N,

Plug-in -3e-05 0.003 0.003 0.956 -3e-04 0.008 0.009 0.962

EIF_EQ -5e-05 0.003 0.003 0.953 -2e-04 0.009 0.009 0.957

EIF_1S -7e-05 0.003 0.003 0.950 -2e-04 0.009 0.009 0.940
correct M,, incorrect 7, correct N,

Plug-in -4e-05 0.003 0.003 0.956 -3e-04 0.008 0.009 0.961

EIF_EQ -2e-05 0.003 0.003 0.957 -3e-04 0.009 0.009 0.955

EIF_1S -3e-05 0.003 0.003 0.953 -3e-04 0.009 0.009 0.936

flexible M., flexible 7, correct N,

Plug-in 0.001 0.004 0.005 0.947 0.002 0.009 0.010 0.971

EIF_EQ 0.003 0.006 0.005 0.947 0.002 0.010 0.010 0.960

EIF_1S -0.001 0.008 0.005 0.964 -0.001 0.011 0.010 0.929
flexible M., flexible r, incorrect N,

Plug-in 0.230 0.014 0.101 0.063 0.409 0.017 0.078 0.002

EIF_EQ 0.076 0.047 0.101 1.000 0.152 0.025 0.078 0.464

EIF_1S -0.081 0.111 0.101 0.973 -0.108 0.048 0.078 0.855
incorrect M,, correct i, correct N,

Plug-in 0.278 0.030 0.049 0.000 0.372 0.028 0.043 0.000

EIF_EQ 0.292 0.029 0.049 0.000 0.336 0.030 0.043 0.000

EIF_1S 0.220 0.027 0.049 0.000 0.188 0.026 0.043 0.000
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rectly specified; d) none of the methods is unbiased and/or
give expected coverage when M, is misspecified.

Note that EIF_EQ does not behave as EIF_1S in our experi-
ments. One can show analytically that the bias correction of
EIF_EQ is approximately half the one of EIF_1S. This is an
interesting result per se since these estimators are in many
situations equivalent, for instance, for the estimation of B(P)
(e.g., Hines et al., 2022).

4 Education effect on income-related health
inequality

We study here the effect of education on income-related
health inequality. We use a database linking a set of socioeco-
nomic and health registers on the whole Swedish population
(Lindgren et al., 2016). We focus on the cohort of all those
born in Sweden during 1950 and living in Sweden in 2000,
since we use as follow-up period the years 2000-2010 (i.e., be-
tween age 50 and 60). Focusing on a single cohort mitigates
issues related to interference between units when it comes for
instance to potential incomes.

As health variable Y we consider several measures, al-
though our main analysis will be based on survival,i.e. Y =1
for individual dying during 2000-2010 and Y = 0 otherwise.
We also perform analyzes for the two other health variables
measured during the follow-up period: the number of hos-
pitalisation days (inpatient, all diagnoses), and the number
of hosptialisation days (inpatient, cardio-vascular diagnoses).
As income measure I, we consider the average annual income
while alive during 2000-2010. To stabilise the variance of I
we use the transformation (- + 1)°2.

The education exposure E has 3 levels (9 years or less
schooling, 2-3 years senior high-school, or higher). We mea-
sure education level in the data in the year 1990. Pre-exposure
covariates X (potential confounders) are: Sex; Living place at
age 15 (year 1965; rural municipalities = 1, mixed = 2, large
cities = 3; according to the Swedish Agency for Economic and
Regional Growth, Tillvixtanalys, 2011); Father’s income, ac-
cumulated between years 1968-1970 (using the same trans-
formation than for I); Place where the mother lived in 1968
(rural municipalities = 1, mixed = 2, large cities = 3). The
size of the cohort is 104172, after removing 763 because ed-
ucation was missing, and 1 because some covariates were
missing. Further, 410 individuals are discarded in order to
enforce the positivity Assumption 4, i.e. they had too small
fitted propensity scores (7.(x) < 0.01 for e = 0,1 or 2).

We present in Tables 3 and 4 the obtained concentration in-
dexes and the contrasts 5(1) and GA(Z) for the survival health
variable (results for the hospitalisation variables are provided
in Supplementary Material Section 9). Implementation details
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Table 3 Cohort 1950, health variable survival: Naive, plug-in and
one-step EIF-based estimates of the counterfactual concentration in-
dex G(e), together with their standard errors (sd); the latter obtained
using the influence function for the one-step estimator (yields a con-
servative sd for the plug-in estimator).

E n Naive sd Plug-in EIF_1S sd

0 25343 -0.424 0.013 0.027 -0.413 0.018
1 47435 -0.388 0.012 0.038 -0.354 0.015
2 30984 -0.323 0.020 0.029 -0.299 0.025

are given in Supplementary Material Section 6. We see that
the naive concentration indexes in Table 3 indicate decreasing
inequality with increasing education. In order to control for
confounding we use both the plug-in and the one-step EIF-
based estimator, the latter having the best performance in
our simulation study. Although Assumption 2 is not plausi-
ble here, since both health and income are aggregated mea-
sures over 11 years, we saw that the estimators studied in
the simulation study seemed robust to this assumption; see
Supplementary Material Section 8. We observe that control-
ling for confounding decreases the value of the concentration
index slightly for all education levels compared to the naive
estimation. Moreover, as in the simulation study, the plug-in
estimator shrinks all estimates towards zero. The contrasts es-
timated in Table 4 indicate that the decrease in inequality be-
tween the lowest education level and the middle and highest
level is larger after controlling for confounding and that this
decreased inequality is significant at the 5% level. When look-
ing at the two alternative health variables (number of hospi-
talisation days for all diagnoses and for CVD diagnoses only,
see Tables 19-22 in Supplementary Material Section 9) we
also observe health inequalities for hospitalisation after cor-
recting for confounding, although those inequalities are much
smaller (yet significant at the 5% level) for hosptialisation due
to CVD only.

5 Conclusions

We have introduced the theory and method to study coun-
terfactual concentration indexes. This is useful in observa-
tional studies of socioeconomic-related health inequalities,
where one want to study the effect of exposures and interven-
tions. In particular, we propose estimators which are regular
asymptotic linear and locally efficient under certain condi-
tions. We give their asymptotic normal distribution including
the asymptotic variance which can be estimated thereby al-
lowing for valid inference. The estimators proposed require

Table 4 Cohort 1950, health variable survival: Naive, plug-in and one-step EIF-based estimates of the causal effects of education, together with

standard errors (sd).

Naive sd Plug-in EIF_1S sd
o(1) 0.036 0.017 0.011 0.058 0.024
0(2) 0.101 0.024 0.002 0.114 0.031
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the fit of several nuisance functions, and they have some rate
robustness properties, where some of these functions can be
fitted at a lower convergence rate than the parametric /n-
rate. We run finite sample experiments illustrating the behav-
ior of the estimators and their inference.

An interesting observation is the difference in behaviour be-
tween the one-step estimator and the estimating equation es-
timator. While both are based on the efficient influence func-
tion, the latter does not fully correct for the bias of the plug-in
estimator when nuisance models are misspecified. As we have
noted, verifying the assumptions of Theorem 2 is not trivial
for the estimating equation estimator, and we suspect that the
observed difference in bias is due to the assumptions of The-
orem 2 not holding in the misspecified situations studied in
our numerical experiments.

In a case study we have applied the methods proposed to
study income-related health inequalities for different levels
of education. The results indicate that such inequalities exist
after correcting for confounding in the Swedish cohort born in
1950, and that inequality decreases for increasing education
level. An important caveat, as for all observational studies, is
that there may still be omitted confounders, which bias these
results. A future direction for research is to develop a valid
sensitivity analysis to the ignorability Assumptions 1 and 3).
For this purpose, one could try and generalise recent recent
results by Nabi et al. (2024) or Moosavi et al. (2025) obtained
in a semiparametric context for the classical average causal
effect estimand.
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