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Abstract

We study a compact U(1) lattice gauge theory using a self-built Hybrid Monte Carlo (HMC)
program [1]. The starting point is the parton construction of the Heisenberg spin chain where
the spins are fractionalized into spinons coupled to an emergent compact U(1) gauge field. Here
we do not impose Gauss’s law, such that the Hamiltonian describes an unconstrained lattice
gauge theory. We make theoretical calculations of the ground-state phase diagram and identify
an emergent SO(4) symmetry in the strong-coupling limit. Furthermore, the weak coupling limit
corresponds to frozen gauge fields which results in a free fermionic phase that is unstable in one
dimension. The phase diagram is supported by carrying out HMC simulations which also allow
us to study the dynamical generation of Gauss’s law at low energy scales. We find that the
theory accurately predicts the numerical findings and establish that HMC works as a method

for simulating unconstrained gauge theories in (1 4+ 1)-dimensions.
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Sammanfattning

Vi studerar en kompakt U(1)-gittergaugeteori med hjilp av ett egenbyggt program fér Hybrid
Monte Carlo (HMC) [1]. Utgangspunkten &r en partonkonstruktion av Heisenberg-spinnkedjan,
dar spinn fraktionaliseras till spinoner kopplade till ett emergerande kompakt U(1)-gaugefalt.
Hér patvingar vi inte Gauss lag, vilket goér att hamiltonianen beskriver en obegrédnsad gitter-
gaugeteori. Vi utfor teoretiska berdkningar av grundtillstandets fasdiagram och identifierar en
emergerande SO(4)-symmetri for stark koppling. Dessutom motsvarar gransen for svag koppling
frysta gaugefilt, vilket resulterar i en fri fermionfas som &r instabil i en dimension. Fasdiagram-
met stods av genomférda HMC-simuleringar, vilka dven tillater oss att studera den dynamiska
genereringen av Gauss lag vid laga energinivier. Vi finner att teorin forutsiger de numeriska
resultaten och faststéller att HMC fungerar som en metod for att simulera obegrénsade gauge-

teorier i (1 + 1) dimensioner.
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Chapter 1

Introduction

Condensed matter physics has had an immense success in being studied in terms of Landau’s
Fermi liquid theory, which provides a systematic approach to study systems where Coulomb
interactions can be treated as perturbations [2]. In dimensions higher than one, this works par-
ticularly well, because nearly free quasiparticle excitations closely resemble individual particles.
However, the Fermi liquid theory breaks down in one dimension as an individual particle cannot
move without pushing its neighbors, subsequently creating collective excitations [3]. Strongly
correlated systems can also break down the theory, such as the repulsive Hubbard model [4]. In
one dimension at half-filling, strong local repulsions localize the electrons and open up a charge
gap. This freezes out the charge degrees of freedom and drives the system into a Mott insulator
state, which is very different from conventional band insulators. It turns out that the low-energy
physics of this state can be captured by the emergent Heisenberg spin chain [5]. Consequently,
this has been essential for understanding the topological effects in the solid state. Notably, Hal-
dane’s conjecture states that a finite gap opens for integer spin chains while half-integer spin
chains remain gapless [6]. This gap is commonly called the Haldane gap which is understood as

a symmetry-protected topological phase.

One procedure to theoretically study these strongly interacting spin systems is to employ a
parton construction. By fractionalizing the physical spins into two fermionic partons called
spinons, we can access more exotic states like quantum spin liquids where mean-field theories
are possible [7]. However, this creates a mathematical redundancy embodied by a local gauge
symmetry. Hence, the spinons couple to emergent compact U(1) gauge fields. To ensure that
this new theoretical description accurately reflects the original physical system, we must enforce
Gauss’s law, which projects the expanded Hilbert space onto the physical gauge sector. This can
be strictly enforced when formulating the coherent state path integral, however recent studies
rely on the dynamical generation of Gauss’s law by working on energy scales below the Gauss

sector gap [8-10].

The power of performing a parton construction to yield a gauge theory can be utilized to
study Kondo physics [9]. In heavy fermion materials, the interplay between localized magnetic

moments and itinerant conduction electrons drives the metal-to-metal transition via Kondo
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screening. There has been a lot of experimental progress of the Kondo effect [11] but theoretical
modelling to capture the quantum phenomena is still ongoing. The Kondo-Heisenberg model
is one approach that is quite intuitive. Consider a two-dimensional metallic surface coupled to
one-dimensional parallel Heisenberg spin chains. Hybridization between the metallic surface and
the spin chains generates Kondo screening which forms composite heavy fermions and enlarges
the Fermi surface. Investigating transport properties of such a model in the standard basis is
exceptionally difficult because the composite heavy fermion is a highly non-local and complex

operator involving couplings of conduction electrons to local spin fluctuations [12].

Reformulating the theory into a U(1) lattice gauge theory circumvents this bottleneck by frac-
tionalizing the spins into fermionic spinons f and introducing a dynamical U(1) matter field b.
In this framework the composite heavy fermion emerges as a bound state of the spinon and the
U(1) matter field [13]. The transport properties can now be studied for the model which leads to
great insights into the Kondo-breakdown transition. Here the Heisenberg spin chain is replaced
by a U(1) f-chain which recovers the Heisenberg spin chain in the strong coupling limit. There
are two main concerns with this formulation. First, it is based upon an unconstrained lattice
gauge theory, meaning Gauss’s law has to be dynamically generated as it is not enforced in
the action. Second, standard determinant QMC (DQMC) algorithms scale poorly with system
volume, restricting simulations to smaller lattice sizes (e.g. 20 x 20 in [9]). This limits the ability

to resolve low-energy phenomena due to finite-size effects.

In this thesis we are motivated by these challenges and will focus on the isolated one-dimensional
unconstrained U(1) f-chain. Our primary objectives are to map out the phase diagram of the
unconstrained f-chain and resolve the conditions for the dynamical generation of Gauss’s law
by recovering the effective Heisenberg spin chain. We also aim to do this by constructing a
Hybrid MC (HMC) algorithm to study the chain numerically. HMC was originally made to
simulate lattice gauge theories in high-energy physics, as it offers a superior computational
scaling compared to DQMC [14]. By investigating the f-chain in one dimension using HMC we
can later generalize this approach by coupling it to the two-dimensional metallic surface, thereby
enabling HMC simulations of the Kondo-Heisenberg model on larger lattice sizes, which would

provide a deeper insight into the physics of the Kondo effect.

Thesis outline

The thesis is structured as follows: chapter 2 begins with the fractionalization of the Heisenberg
spin chain into the U(1) gauge theory and continues by investigating the model’s symmetries and
limiting cases. It ends with the calculations of some needed observables. Chapter 3 investigates
the low energy field theoretic approach to the models strong coupling limit, namely the emergent
SO(4) symmetry. Chapter 4 develops the theory for HMC and goes through some numerical
implementations as well as improvements to the algorithm. Results are shown in chapter 5 with
necessary discussions around the findings. Finally, chapter 6 summarizes the thesis and considers

future work.



Chapter 2
Lattice gauge theory

In this chapter, we perform a parton construction of the Heisenberg spin chain in order to derive
the lattice gauge theory (LGT). The spin operators are separated into two spinons with an
additional constraint to keep the Hilbert space intact. Gauge fields emerge out of this constraint
and the spinons are tied together by a string [7]. We continue with the compact U(1) gauge
model and formulate it as a coherent state path integral where we integrate out the fermionic
degrees of freedom. Symmetries of the model are calculated where extra attention is put on the
unconstrained nature of our model where Gauss’s law is dynamically generated. The frozen limit
of the model is calculated utilizing a slave boson parton construction. The stability of the phase
is also considered. The strong coupling limit is also calculated using second order perturbation

theory. We end by calculating the necessary observables via Wick’s theorem.

2.1 Spin chain to lattice gauge theory

2.1.1 Parton construction

The Heisenberg spin chain is a famous toy model used for studying magnetism. We will put our
attention to the 1D isotropic spin-1/2 chain, also known as the XXX model. It was proposed by
Werner Heisenberg in 1928 and solved analytically in 1931 by H. Bethe, via the Bethe ansatz [15].
Originally, the model was introduced to capture ferromagnetic ordering, but later turned out to
have a much more complex antiferromagnetic regime of fractionalization and Luttinger liquid.
We will here show how this model under fractionalization via Abrikosov fermions leads to a U(1)
LGT [7,9,16,17].

We start from the standard spin-1/2 algebra where each site has a spin S; = &;/2. Hats on
operators are omitted throughout this derivation. Defining the spin components S*, S, 5% via

the respective x,y, z Pauli matrices we obtain the following spin algebra,

52,87 = ieap ST 035, (2.1)
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where €,3, is the totally antisymmetric tensor. This is the Lie algebra of our SU(2) symmetry
and note that all spins must commute for different sites ¢ # j. We can now write down a nearest
neighbor exchange Hamiltonian,
H=1J,)_8S;-8S; (2.2)
(i)
where J, is the exchange energy and (ij) denotes the nearest neighbors. Here we have that

Jn > 0(Jp < 0) represents an antiferromagnetic (ferromagnetic) ordering.

We will now adopt a parton construction via Abrikosov fermions which is the basis of fraction-
alization. The Abrikosov fermions are a mapping from our physical spin-1/2 operators S; to

auxiliary operators f; = (fi 1, fi,)), so-called spinons,

1
S’L = §fZTao.OLBf157 (2’3)

where «, 5 € {1,]} [18]. It is important to note that the local spin fluctuations of the Heisenberg
model changes the total spin projection by integer values, AS* = 0, +1 whereas a spinon carries

a fractional quantum number (S = 1/2, AS* = £1/2). Hence following the fermionic algebra,

{sza’ f]ﬁ} = 5ij50557 {sza’ f;ﬁ} - {fia7fj5} = 0. (24)

An immediate concern with this mapping is that the Hilbert space has been enlarged with
unphysical states. We can see this by constructing the operator S7 = 1/2( fZTT fir— f;l fi)- For [1)
and |]) we have the eigenvalues +1/2 and —1/2, respectively which belong to the original Hilbert
space. However, we also have the empty and doubly-occupied states [1]) and |0) corresponding

to eigenvalues of 0. We therefore add the constraints of one particle per site,

ni = [l fia = fhfir + fl fy = 1. (2.5)

The consequence of this fractionalization is the introduced gauge redundancy which manifests
as local U(1) phase rotations and particle-hole symmetry. These combined actually represent
a local SU(2) gauge invariance [19], but we will formulate it as a U(1) theory. For historical
reasons the standard mean-field ansatz breaks the SU(2) symmetry down to U(1), while still
capturing relevant phenomena. We will not do mean-field but the non-abelian SU(2) gauge field

is significally harder to simulate than the U(1) theory.

We will now continue by applying our mapping onto the spin-1/2 chain Eq. (2.2), making use
of the identity o5 - 0v5 = 200503y — 0apdys and the particle number definition of Eq. (2.5),

Jh —Jh

H =503 (2L fisflshia —ning) = =2 3 (2fhSiallafio — 2ni + ming) . (26)
(ij) (i7)

where the fermionic anticommutations were used to find the 2n; term. There are now a few ways

to project this theory onto our physical Hilbert space. Two common ideas are to add an infinite

Hubbard U [4] or a Lagrange multiplier, where we choose the latter. This is more easily done

when working with a path integral formalism in terms of the partition function.
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2.1.2 Path integral

The information of a quantum many-body system is encoded within its partition function Z.
There are many ways to represent the partition function but one of the most powerful is the
path integral (PI) formalism. It is naturally equivalent to the canonical Hamiltonian formalism
but can in many cases make problems easier to deal with [16]. The PI in terms of condensed
matter physics lets us map our quantum system to a classical one by formulating the theory in
(d + 1) dimensions, where the extra dimension is commonly referred to as imaginary time or

inverse temperature. The partition function reads,
Z =tre PH (2.7)

where 8 = 1/T and kg = 1. We constrain our Hilbert space by enforcing a local single-occupancy

constraint (n; = 1 per site) via a Lagrange multiplier,

Z =tr le_ﬁHH(S(m - 1)] = /Hd)\itr [efﬁ(H*iZi Ai(ni=1)) (2.8)

where the definition of the delta-function was used. All constants attributed to the PI will be
disregarded because they cancel for any observable. The last two terms of our Hamiltonian Eq.
(2.6) are thus constant, meaning we can disregard them in the PI formulation. Our next step is

to slice § into imaginary time slices § = A7N, with a Lagrange multiplier on each slice,

Z = / H d)\”tr[He_ATH 12 X (mi=D) ] (2.9)

i,7=1

It is now necessary to introduce Grassmann variables which are defined as a set of generators

that anticommute,
gafﬁ + 5,6’504 = {gmfﬁ} = 07 (2-10)
which implies that ¢2 = 0. Consider &,(£)) to be the generator of the annihilation(creation)

operator f(fT) and that they anticommute in any combination. We can then define a fermion

coherent state,

& =TT (1 -&fl)10) —exp< Zgafa> 0), (2.11)

(63
which is an equality due to the Taylor expansion being exact after first order, because &2 = 0

One can now build upon this algebra to find the following useful definitions [20],

(€l€) = exp (Z &15;) 7 (2.12a)
Jaa=0.  [dsac=1. (2.121)
L= /Hdﬁldﬁa exp ( — Zfl&) )¢, (2.12¢)

trd = [ TTdehdca exp (~ S €ita ) -1, (2.124)
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where the coherent states are notably overcomplete. Inserting the trace identity Eq. (2.12d) and
resolution of identity Eq. (2.12¢) at each time-slice in Eq. (2.9) yields,

Z = / H dXir / H del s o™ Soir Shrbi H<§T+1\e—ATHHATZMw(m—U ), (2.13)

i, 7=1 i,7=1 T=1

where we have let ({x_41| = (—&1| because fermions have antiperiodic boundary conditions in
time. To evaluate the inner product we must first separate the Hamiltonian from the Lagrange
multiplier, which is fine as they commute, [H,n;] = 0. The theory is still exact as A7 — 0 so we

can do a Taylor expansion and make use of the Grassmann algebra,

(Erarle 2 e m (G| 1 — ATH &)

T . (2.14)
= e£7+157 _ ATH(§i+17§T) 7‘+1£T ~ e£r+157 ATH(£T+17£T)’

where we have used coherent states Eq. (2.11), overlaps Eq. (2.12a), and the normal ordering
of our Hamiltonian. The Lagrange multiplier can be treated similarly and we note that the

exponent from the trace and overlap can be written as a discrete differential,

B
Z —ele, + el 1&—2 ST 57 D Ay Aroo —/0 dr £78,¢, (2.15)

and also in the continuum limit. Doing this for all terms and renaming our Grassmann variables
¢ to f gives us the PI with the Euclidean action,

Z:/D{fo}D{)\}e*S, S—/Oﬁdr(fTan—fTi)\er]fl(fT,f)+i)\). (2.16)

There is a clear similarity between this PI and the standard quantum mechanical PI, with the
difference that we have done an analytic continuation to imaginary time, known as a Wick

rotation it = —7 [16], making the action Euclidean.

2.1.3 Hubbard-Stratonovich transformation

The problem with our current Hamiltonian is that it cannot be treated using Gaussian integra-
tion due to the quartic fermion term. We deal with this by introducing auxiliary fields which
lets us formulate a theory where the fermions are quadratic, a so-called Hubbard-Stratonovich

(HS) transformation [21]. We start by defining the fermionic bilinear with link b = (ij),
Dy = f]fia- (2.17)
The quartic term of the Hamiltonian can now be written in terms of two perfect squares,

J PR J L L
Zfzafzﬁf]gf]a = - “h Z (Dsz-FD]bLDb) = —gh Z ((Db+Dg)2+(2Db—2DZ>2>. (2.18)
(ZJ> b b

Note that the last equality is true under the PI because our bilinears commute up to a constant.

A general HS transformation is on the form

exp {—;bDQ} /qu exp {— — zng} (2.19)
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where ¢ are the auxiliary fields or HS-fields. The constant integration measure is set to 1 as it
cancels when computing observables. Applying the transformation to each square gives a real
and imaginary channel. We let x, = x3 + iy, and |x|?> = xg + yg such that our HS-field is

complex. Combining both gives

2 . . 2 «
—J—h(xg +y2) — (xp + iyp) Dy — (2 — i) D) = _7h|Xb|2 — XiDy — xsD}. (2.20)

The quartic term has now been reduced to a bilinear one by introducing an integration over
HS-fields. Advantages of this approach is that it is exact and that the HS-fields are bosonic
such that they can be integrated over on a computer. Lastly we write down the new PI before

showing how a local U(1) symmetry has emerged,
Z = [ DI DL DI,

B
s=['ar { 5 4104) = N[ fn(r) 1] (221)

+3 [jhumP + X5 (DL SH(7) +x0(7) f] <T>ff<7>] }

b

2.1.4 Local gauge symmetry

Up until now we have made a parton construction of a Heisenberg chain by introducing fermions
and two bosonic fields, but what was all this trouble for? The spin operators S; clearly have
SU(2) spin symmetry but does it have local U(1) gauge symmetry? The Abrikosov fermions Eq.
(2.3) have the same spin symmetry and a local U(1) symmetry as fi(7) — ¢%(7) f;(7). If we now
look at the following term in our action Eq. (2.21),

H X ()50 + 10X (1) 7). (2.22)
we can identify that if xj (1) acts as a gauge string then under a gauge transformation
Xy (1) — X<ij>(7)ei9i(7)_i9i(ﬂ, we will have gauge invariance. This only requires the phase

e
to change so we freeze the amplitude fluctuations and let x ;) = | Xo\ezfz‘ adl e argument to
why this is acceptable is that the amplitude can only give rise to gapped excitations while the

phase leads to gapless Goldstone modes which will dominate [16]. It is also natural to remove

the |x5(7)|? term as it is a constant.
A time-dependent gauge transformation of the first term in our action reads,
@0 filr) = f (e Do fi(r) = (1) fi(7) +i[0:0:() S (1) fi(r). (2.23)

Here we see that it picks up an imaginary shift. Now letting \;(7) act as a temporal gauge field

ap;(7) such that under a gauge transformation,

ao’i(T) — CL(M(T) + 0-,—91(7') (2.24)
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we complete the U(1) gauge symmetry. We can combine the components of our gauge fields
into a complete gauge field a, = (ao,a), in one dimension a, = a,. The behavior of the gauge
field currently has no dynamics. We can always from a symmetry standpoint add a term which
keeps our microscopic symmetries intact. This is because under RG every operator allowed to be
generated by symmetry can be at a certain energy scale. We can therefore introduce a continuous
electric field operator as the temporal derivative of the vector potential, E = —i0-ap. On the

compact lattice, to preserve all symmetries we have
C |
Sg ~ / dr 7 Z [1 — cos(D-ap)], (2.25)
0
b

where h is the electric field strength [22]. The following section will make these choices more

clear.

2.2 The compact U(1) model

The derivation from the previous section showed how a U(1) gauge symmetry can emerge from a
parton construction of the Heisenberg model. It is in many aspects useful that one can make such
a construction. We can for example already deduce that the model must map onto the Heisenberg
model for some energy scale. There is however also the possibility of approaching this model in
terms of a LGT Hamiltonian formulation that is governed by a U(1) gauge symmetry. Consider
a quantum rotor Ub — ¢4 which has an electric field Eb satisfying [Eb, Ub/] = Opp ﬁb. The electric
field operator is the canonical conjugate variable to A, as [flb, E’b/] = i0py. A second quantized

Hamiltonian for this can be written as

=03 [fL0fj0+be]+0> B} (2.26)
(ig),o b

where h.c. is Hermitian conjugate, J is the hopping energy, and h is the electric field strength.

In order to further look into this model we must choose a representation of A, and work in the

PI formalism.

2.2.1 Compact path integral formulation

We will not employ the Lagrange multiplier which is the emergent temporal gauge field ag Eq.
(2.24) and instead pose the problem as an unconstrained gauge theory. Implications of this are
in section 2.3.2. The partition function, Eq. (2.7) has to be decoupled between site interactions.
This can of course not be done under an exponential as the operators do not commute. To this

end we will time-slice and use the Trotter-Suzuki decomposition [23],
—BH —ari\N ~ArHp - Ariy\ N 2
Z =tre =tr (e ) =tr (e Fe 9) + O(AT?), (2.27)

where 8 = N,Ar and Hp, ﬁg represents the hopping and electric field part of Eq. (2.26)

respectively. Hence by applying a first-order asymmetric Trotter-Suzuki decomposition and time
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slicing our partition function, we end up with,
7 = /D{fo}D{a} H ~ATH(f1,f,ar) H ab,‘r+1‘ e—A’rth |ab,‘r> ) (2.28)
b

Here we proceed with a diagonal representation of A, meaning A, lap) = ap |ap). Working on a
single bond, the electric field is in this representation £ = —i 8‘?4 with eigenvectors F |I) = [ |)

such that E (a|l) = Eel® where [ € Z. The resolution of identity then reads,

1 2
%/O dala) {al =D _|1) (2.29)

IEZ

which we can use to evaluate the inner product,

—AThE? |a > _ i Zeil(aT.Hfa-r —AThI? i / dl e~ 127kl zl(a7+1 aT) —AThi?
sy =

<a7'+1‘ €
2m keZ

)

(2.30)
where Poisson’s summation formula 3, f(1) = 3, F(f(k)) = 3, [°, e 2™k £(1) was used in the
last step. The integral can now be evaluated using Gaussian integration, which removes the I-

dependence. The expression can further be simplified by utilizing the Villain approximation [24],

A (a 1— aT—21rk)2
7AThE2 Z Tl T

a 1€ 4ATh

< T+ | 27_

(2.31)

—e 2A‘rh(1 cos(@rq1— a.,—))

This is now a compact LGT as we have a periodicity of our a, fields with a, € [—m,7) [8]. For
the Villain approximation to be valid we have that the fluctuations of ary+1 — a,; must remain
small which is partly ensured by letting A7 = 0.1 but as previously argued in section 2.1.4, the
gauge fields are completely decoherent for h — oo which means we cannot go so far down that
limit. The approximation is further shown to be effective for low temperatures [25], which is

exactly what we aim at sampling.

The fermionic term of our model Eq. (2.26) has a straight forward coherent-state PI formulation
with the help of the Grassmann algebra defined in section 2.1.2. Time slicing, using the trace,

and resolution of identity gives the partition function with the following action,

N,
7 = /D{fo}D{a}e_S, S = Z AT(Lp + Ly),

T=1

:—JZ( zT+1Uijf]T+hC)+ZfZTT+1 (W)’ (2‘32)
<1J>

Lg = 2hA7-2 Z ( — COS ab 7+1 — Ap 7—))
where L is the fermionic Lagrangian and L, is electric field gauge Lagrangian. Likewise Sp[a] =

>, ArLp and Syla] = >, ATL, is the fermionic and gauge action respectively. The 7+ 1 index
on the f stems from the trace identity in Eq. (2.14). D{a} is the Haar measure defined as

| dg’;f. A intuitive picture is added for clarity, see Fig. 2.1



10 Lattice gauge theory

®
o
<
[ ]
L J

® Spinon
¢ Gauge Field
TT

6

fiT U’L fj

Fig. 2.1. Schematic image over the lattice action. The top left illustrates a hopping picking up a phase

and bottom left demonstrates a gauge invariant quantity.

Comparing this with the derived action in Eq. 2.21 we can see that they are very similar. It is
clear when redefining szi 5y Uij = e that a fermion picks up a gauge phase when hopping.
Secondly, we can look at the electric field term proposed in Eq. (2.25), the Villain approximation
obtained the same action. Where a cosine Taylor expansion of a non-compact expression takes us
to the compact representation, likewise we could also have made our theory into a non-compact

one by not quantizing the electric charge .

There is also no temporal gauge field ag present in the current implementation, meaning the
model corresponds to an unconstrained LGT [8,9]. Here, in order for our theory to be valid, the
local U(1) gauge symmetry must be dynamically generated. This aspect of our model will be

further examined both theoretically in section 2.3.2 and numerically in chapter 5.

2.2.2 Integrating out the fermions

Fermions in the PI are not annihilation and creation operators as in the Hamiltonian formal-
ism. They are replaced by Grassmann variables which obey the same algebra as fermions. A
representation of a Grassmann variable is for example a Pauli matrix, but there are only three
of those and we want to simulate systems beyond that. The fermionic freedom must therefore
grow immensely if we want to enlarge our Fock space. Namely, 2" x 2" sized matrices are needed
to have a Grassmann representation of n generators [20]. In this thesis, the main purpose of
integrating out the fermions is so we can compute things numerically. However, integrating out
fermions has had huge implications theoretically too, for example in Landau-Ginzburg theory

or topology in generating an effective Chern Simons field theory [26].

Focusing on the fermionic part of the PI in Eq. (2.32), one sees that there are only quadratic
fermionic terms. Hence, we apply the generalization of Gaussian integration for Grassmann

variables

/ D{f! fre ™I = det M, (2.33)

to get an effective action [27]. Here f, fT consist of N-components and M is an N x N so-called
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fermionic matrix. The entries can be found by time-slicing the continuous action in Eq. (2.32),
N Ns
H H H df;taﬁdfi,a; e—Sg[a]

Z = / D{a) (
o€t} T=1i=1

- SIES f Jiar+1 = fiar) _ f WAV
AT Z Z Z fiar1 ( Ar ) JZ (fWJHUU (1) fjar + h.c.) ,

ac{t,l} =1 \i=1 (ij)

exp

(2.34)
where Ny denotes the number of sites, 8 = A7N; as before, and N = Ny x N,. The measure
is explicitly stated without the shorthand notation D{f'f} for clarity. Note that fermions are
antiperiodic in time f;r AN+l = — fita’l. Applying Eq. (2.33) makes it possible to form the block

structured fermion matrix,

I 0 0o ... 0 BNT7a(a)
—Blya(a) I 0o ... 0 0
0 —Byola) I 0 0
ola) = .
Mo (a) : ) (2.35)
0 0 0 1 0
0 0 0 —By, _1.4(a) I

The spin sectors are decoupled as the whole matrix would be M} @& M| however, one can write
it as det M = [, det M, instead. Here, the fermionic antiperiodicity in time is clear from the

positive entry for By, o(a). The matrix entries B o(a) are defined as,

Bra(a) = eVT,a’ Vialij = Arel®iar (2.36)

where B is a Ny x Ny matrix. From the symmetries shown in section 2.3 we have that M| (a) =
MTT(a) —> det M| = (det M4)*, meaning,

[] det Mq(a) = det M; (a) det My (a) = |det M (a)|* = det [M'(a)M(a)] , (2.37)

(6%

where My = M, as we can project one spin sector onto the other. The matrix MT(a)M(a) is
.I_

Hermitian and positive-definite (HPSD), meaning MT(a)M(a) = [MT(a)M(a)} . Finally, our

partition function with the effective action reads,

Z - / D{aye 51, Sigla) = Syla] — Indet [M' (a) M (a)] . (2.38)

2.3 Symmetries and limiting cases

Symmetries are an essential part of what makes theoretical condensed matter models flourish.
Symmetries allow us to relate quantum field theories to many-body systems [27]. A symmetry
can be discrete or continuous. There are also microscopic symmetries, emergent symmetries,

and spontaneous symmetry breaking which are all essential aspects of a model. These differ
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significantly depending on the spatial dimension of the system. It is fruitful to look at theorems in
order to lay a foundation in our understanding of symmetries. An important result is the Mermin-
Wagner theorem [28] which states that we cannot have a spontaneous continuous symmetry
breaking for 7' = 0 in a one-dimensional system. (Often attributed to S. Coleman in high-energy
physics [16]). Physically, this arises due to the strong quantum fluctuations in a one-dimensional

system leading to the absence of long range order.

2.3.1 Discrete and continuous symmetries

We now turn our attention to the specific microscopic symmetries of our model. Symmetries
explicitly built into the lattice Hamiltonian formulation Eq. (2.26) are so-called microscopic.
This means that the unitary or anti-unitary operator representing a certain symmetry commutes

with the Hamiltonian.

Particle-hole symmetry

A discrete particle-hole symmetry maps the particle operators to the hole operators. We define

an antiunitary transformation acting on the spinons and z € C,

Pl2fl P =2 (=1 fia, P l2fiaP =25 (=1)'f) (2.39)

i)
where (—1)' has the value 1(—1) on sublattice A (B) and z highlights that it is antiunitary.
The lattice is bipartite as interactions are solely between even (A) and odd (B) sites meaning
(—=1)"* @+ is always negative. Then P~1U; ;1P = Ugi“ implying that P14, ;1P = A; ;1.

For a hopping term we use the fermionic anticommutation relations,
P Ui firraP = fiT—&-l,anT,i—i—lfi:Ow (2.40)

which is the h.c. of Eq. (2.26). From [A, E}] = i we find that P~ E,P = —E}, where the minus
sign is removed from the square. This has a consequence, (Eb> = 0. We can conclude that the

Hamiltonian is symmetric under a particle-hole transformation, [75, H ]=0.

Interestingly, the particle-hole symmetry of the fermion representation extends the U(1) symme-
try to a SU(2) symmetry shown in [29]. Just as we are able to extend the U(1) gauge symmetry

are we able to reduce it to a Zs symmetry [19].

SU(2) spin symmetry

The SU(2) spin symmetry is continuous and forms the same Lie algebra as SO(3) meaning
there are three generators of this symmetry group. It is continuous as it transforms a spinor as
U 711@-(7 = R”@- where R is a unitary rotation matrix. A standard basis for the generators of
SU(2) are the Pauli spin matrices. We want to show that the Hamiltonian commutes with the
total spin operator. It obviously commutes with the electric field term and also with the phase

A

Uij, so for the fermionic term we have (using Einsteins summation rule),

[H,5°) = |Flafjar 8] = [ Flafiar S + 8] - (241)
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The only non-vanishing commutators are on the same site (i = j), and a runs over z,y,z
Adopting the Abrikosov representation as in Eq. (2.3) and the relation [AB,C] = [A,C|B +
AlB, (],

[H,8% = [ffafjm ;fz%ggvfiv] T {f;afja’ ;f;ﬂawﬂ}

a 1 a
[fw L %fw} fra+ £ | s 31159800 (2.42)
f,B Bafja_ za%mfﬂ 0,
where we have used that [f,,S%] = iaava, [f1, 59 = -3 J;Um, and renamed the dummy

indices. The model therefore has SU(2) spin symmetry as expected.

Translation, parity, and time reversal symmetry

We will leave the U(1) gauge symmetry to the next section and now focus on the perhaps less
exciting microscopic symmetries, such as translation, parity, and time reversal symmetry (TRS).

The chosen translation operator shifts the lattice site once,
CZ/%ilfi‘tozjj fz-{-l a’ TﬁlUi,i-{-lT = ﬁi+1,i+2, (243)

which can be restored by shifting the summation index ¢ — ¢ — 1. Note that the length of the
shift is arbitrary [30]. Periodic boundary conditions (PBC) have to be enforced in order for the

translation to be valid at the end of the chain, effectively making it into a ring.

Parity symmetry in 1D is a spatial inversion transformation which flips the spatial coordinate
around an inversion center, ¢ = 0. Looking at a single hopping term with a unitary parity
transformation,

P_lflaﬁi,i—i-lfi—&-l,ap = fii’aU—i,—i—lf—i—l,a- (2.44)
Here we can swap the gauge link index U_i,_i_l = (A]L;Lfi and redefine k¥ = —7 — 1 to see
that this becomes the h.c. term. The electric field operator picks up a minus sign under parity
Ez’,z’+1 — —E_i_L_i, which is mitigated by the square and the index can be redefined. The
system is therefore perfectly symmetric such that there is no difference between left and right

movers.

Lastly, TRS will be considered which is a anti-unitary operator as 72 = —1 [7], hence flipping
the sign of imaginary numbers. The canonical commutation relation of Ay and Ej, under TRS
is,

T YAy, Ey)T = T (ibp )T = —idyy, (2.45)
which implies that 7A-_1fA1b7A' = —Ab as Eb is an electric field, further meaning that ’7'_1@]"7' =
e~i(=Ay) = ﬁij . The fermions carry spin so we adapt the standard SU(2) anti-unitary operator
of io¥,

TUET =1, T\ T=-1%, (2.46)
where # € (-, 1). Recalling the Hamiltonian in Eq. 2.26 we see that the pairwise fermions
f;ﬁz‘j fja cancel the sign change, concluding that [ﬁ , 7’] =0.
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Combined particle-hole and TRS symmetry

For reasons which will become clear in the HMC chapter 4, we want the fermion matrix to have
the property M| = M; To do this we need to combine the particle-hole symmetry with TRS
because we want a mapping of both quantities. We define a unitary transformation K =7PT.

Operating on a spinon,
KUK = (-1 fiy, KK =—(=1)fx, (2.47)

where the particles and holes can be switched to obtain the other two transformations. Because
TRS maps A, — —Ap and K is unitary we have I@‘lf]@iﬂlﬁ = UZTZ 41- Using this for a hopping

term with spin «a,
K Ui fivraK = (<1) figUf iy DL (2.48)
where a # (. This clearly maps onto the h.c. term similar to the particle hole transforma-

tion. Lastly we consider the relation K~'[Ay, Ey)K = [~ Ay, —E3) = i, which is correct as the

transformation is unitary.

2.3.2 Unconstrained gauge theory

Unconstrained LGT models with local U(1) gauge symmetry models have recently been inves-
tigated as effective (2 + 1)d quantum electrodynamics(QED3) theories [8,10,31] and for Kondo
lattice systems [9]. The approach relies heavily on the dynamical generation of the gauge sym-
metry, in other words, for the temporal gauge field ag we derived from the Heisenberg model to
be dynamically enforced. We will now try to investigate this more rigorously in theory, and also

numerically in section 5.

The generator of the local U(1) transformation Q = o 200 G; takes the form of a lattice-based
Gauss law [22],

G = —(Biiv1 — Biori) + 3_(flfia = 1) (2.49)

(0%
Physically, §; is a measure of the local charge discrepancy between the electric field divergence
and charge density. The transformations of f;rw fia, and e*4ii+1 have already been established
in section 2.1.4, but we will now show how they arise. Firstly, consider the gauge link, the

A

commutator [§i, Aii+1] = i(0k; — Ok,i+1) gives that,

Q-1emi,i+1@ _ ei(9i+1—ei)ei,4i,i+17 (2.50)
where higher order terms are zero. Secondly, we evaluate the commutator

[k, fial = [ff5. ks fial = —Oki fia, (2.51)
using the anticommutation relations. Here we have to make use of an application of the Baker—

Campbell-Hausdorff (BCH) formula,

. A A . A N 1
o/ 22030 f 0TI 050 f + 5 o (252)

> 0545, fia > 0545, lz Okl fia
J J k
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The second term evaluates to —if; fm and third (—if;)? fm, continuing this approach generates

the exponential Taylor series,

Q_lfiaQ _ Z (_Ze'l)nﬁa _ e_ieifia- (253)

n=0
Likewise for f T we get Q_l f;@ = ¢l ﬁa, which means that the Hamiltonian possesses a local

U(1) symmetry and is invariant to it, [H, §;] = 0.

The Hilbert space H can therefore be decomposed into Gauss sectors of §;,
H=EH, (2.54)
q

where §; |¥,) = ¢; |¥,). The physical sector corresponds to eigenvalue g = 0. Note that g does
not represent momenta. The unconstrained theory is that we sample over all the Gauss sectors.

A gauge-dependent Greens function is strictly local in space,

(F ra) = OO G Ty = 64, (2.55)

as is the case for any gauge dependent observable, via the Elitzur theorem [32]. However, as
previously hinted in section 2.1.4, the temporal gauge field ag is set to zero, looking at the

time-dependent Green’s function in the Lehmann representation we obtain,
(FL() fia(0)) = D701 L (7) n) (n] fia(O Z | (] fia |0) [Pe™ BT ~ o897 (2.56)
n

Creating a gauss sector defect g; # 0 costs a finite excitation energy Fy(q). We can define the

Gauss sector gap as,

Ay = min (Ey(q) — Ep(0)). (2.57)
q#0
Furthermore consider a gauge-independent observable O satisfying [O,di] = 0 in terms of an

unconstrained (constrained) expectation value (-)yc ({-)¢). Being careful of the limit ordering
we expect [33],
lim lim (O(7)0(0))yc = hm lim (O(7)0(0))c. (2.58)

L—00 f—00 L—00 B—00

Hence one must always ensure that we are in the ground-state (zero-temperature limit) for a
given finite lattice size. This is however not only dependent on temperature as the excitation
energy Fo(g;) has a cost that scales with h, meaning that the gap vanishes as h — 0. In
conclusion, for the constraint to be dynamically generated we must be at an energy scale below
the Gauss gap Ay, which is polynomially proportional to the electric field strength h. Moreover,
the generated gap scales with a Boltzmann weight implying that numerical simulations using
MC become exceedingly difficult as h — 0 [33]. This is clear by noting that the unconstrained

partition function is a sum over g via Eq. (2.54),

Zyc = trye” ZZ ~ Zo(14 Y el (2.59)
q#0
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such that the Boltzmann weight of unphysical states vanishes as SA; > 1. There is also a
similarity to the one-dimensional Hubbard model which exhibits a exponentially vanishing charge
gap as the repulsive parameter U — 0, which in turn creates a diverging correlation length [34,
35].

2.3.3 Frozen limit, h — 0

We consider the limit of h — 0 in terms of the Gauss’ law sectors described in the previous

section. It was showed that [ﬁ ,Gi] = 0, meaning we have for a state,

H|U(qi,....qn)) = E[%(q1,...,qn)) s @ 1¥(q1, .- an)) = @ (g1, - - an)) - (2.60)

The gauge link operator commutes with itself [Ub, Ub/] = 0, Vg, but not with the electric field
where [Eg, U'b] = EyU,+ Uy Ey = 2U, Ey + Up. This means that it commutes with the Hamiltonain
for h — 0 such that a gauge field string W” = (AJMIUZM? e Uimj fulfills [fI, Vi/”] = 0. As the
gauge field string is now an eigenstate of the Hamiltonian with the same energy F, we can see

how it impacts the Gauss sectors of our state,

G(Wis 1%(q1, ... qn)) = (g + V(Wi [¥(q1, - .. qn))),
(fk(WiJ |\I/(q1, s 7QN)>) qk (Wl] ‘\II(QL .- ‘7QN)>)7 (261)
G (Wi [%(qr,- - an))) = (g5 — 1)(Wis [®(q1,- - -, qn))),

which means that excitations of the Gauss sectors requires no energy! Hence, Gauss’ law cannot
be dynamically generated for h — 0. Recall that for Gauss’ law to be imposed we have that
¢ =0, VY.

To form a physical picture of this limit, we adopt a parton construction of the f-spinons via
the slave-boson approach [12]. We do this by introducing a c-fermion which carries spin but is

gauge neutral, and a slave boson b which carries gauge charge. The spinon is decomposed as,
Fio=eél b, (2.62)
which leads to the natural mapping of states on a site,
fal0) = Ja) « [1,a) = bTef, |0),
0) « [2,0) = (61)?]0) , (2.63)
FLFT10) = 110) > 10,11) = el o).
Similar to the previous parton construction, we must restrict the Hilbert space. The constraint

can be seen by observing that the first mapping carries one gauge charge and one c-fermion, the

second has two gauge charges, and the third two c-fermions, which leads to the constraint,
bib + > el e = 2. (2.64)
(03

We only need to consider the slave boson for the local Gauss’ law operator as it explicitly carries

the gauge charge,

in = _(Ei,i+1 — Eifl’i) +1-— bTbZ (265)

7
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Interestingly the c-fermions are quite different from the f-fermions/spinons as they do not
interact with the gauge field and are free to propagate. As a result, they are called orthogonal

fermions [36].

We may now insert the parton construction into the original Hamiltonian, Eq. (2.26), to obtain,
=03 (el bie bl Gigr o+ he) + B YD B, (2.66)

7,00 b
where IA)ieiAiv“rl IA)I 41 serves as a gauge invariant quantity and carries no charge [37]. The gauge field
freezes out as h — 0 such that the quantum fluctuations of the gauge fields become arbitrarily
slow. The tied gauge invariant quantity condenses the bosons (?)z) = b which means that we can

replace the quantity with a classical quantity,
bietnibl | s [pf2eifiist, (2.67)

This is essentially the Higgs mechanism of broken continuous gauge symmetry generating a mass
by lifting the gauge field fluctuations [38]. Half filling together with the constraint Eq. (2.64)
leads to |b|> = 1, i.e. there is only a phase shift on the bonds. The Hamiltonian for h — 0 is
thus,
H =73 (el 6410 +he). (2.68)
i

The phase shift can be treated by a local phase transformation of the fermions é};a = 5; N

T oligi0iit1=1dit1

AT 405 541 A o~ ~ o~ =
Cio" " Cit1,0 = Cig Citl,a = CigCitl,ar (2.69)

where we set ¢; — ¢;41 + 0; ;41 = 0. For periodic BC we still have a gauge invariant quantity in

the total flux around the ring,
N
O => 0iis1, (2.70)
i=1

which we can treat as a twist in the boundary condition ¢y11,n = e~ ®¢;,,. This leads to a shift
in the momentum and gives the dispersion e(k) = —2.J cos(2Z%~2). Nevertheless we still have
a non-interacting system of free fermions. Note that e?-i+1 is only a phase shift on the bonds
and not a hopping amplitude modulation. In the case of the latter, the phase would acquire a
2kr modulation where the Peierls instability would generate a gap and the ground-state would
settle into VBS ordering [3].

Finally, we would like to consider the possibility of observing the free fermionic phase. Simula-
tions of the original Hamiltonian Eq. (2.26) do not have access to c-fermions. Fortunately, they
can be related via the spinons due to the constraint bb' = 1,

s~ 1. A 1. R

Si = Qf;rao'aﬂfiﬁ = §C@Ta0aﬂ0iﬂ- (2.71)
In one dimension free fermions map to a Luttinger liquid theory so we adopt the correlation
functions in terms of the Luttinger parameter K,

1

1
CS(T, 0) ~ 7127, CD(T', 0) ~ 727 . (272)
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Here K = 1 for free electrons in one-dimension [3] and Cy, Cp are the spin-spin, dimer-dimer
correlation functions. We therefore expect 1/r? algeabraic decay in this regime. One might how-
ever be sceptical of this result as Mermin-Wagner theorem states that no continuous symmetry
can be spontaneously broken in one-dimension [28]. That is why we will consider the stability

of the limit A — 0 in the next section.

2.3.4 Stability of the h — 0 limit

To examine the limit we make use of the coherent state PI formulation by inserting the slave

boson parton construction defined in the previous section,

B ) 1
S =5+ /0 dTZ {J(Cgbiezai’i+lbz+10i+1 + h.C.) + E(&ai,iH)Q R (2.73)
where Sy contains the berry phase of b, ¢, and the constraint,
’ t f At ot
Sp = / dr 3" [lore; + blosbi + iX(cle + blb; - 2)] (2.74)
0 -

2

Spin index of the c-fermion is omitted so we treat it as a two-component spinor. The limit can be
examined by treating the electric field as a perturbation as h is small [37]. Performing a Fourier
transform of the gauge fields lets us define slow and fast modes which are seperated by a high
energy cutoff A. Slow modes corresponds to the condensation of the slave bosons yielding the

free fermionic result with a classical phase. The modes are defined as,

ai*v(r) = . i (1Q )€™, (2.75)
I
A () = Y ai(i€)e’ (2.76)

\/B [i1Qm|>A

We can expand the exponential for small values of i as the fast modes will be small,

B )
Seff = / dr Z [cj@chi + J(cje’ei!i“cfiﬂ + h.c.)}
0 -
5 ! ) (2.77)
d fast i - 87— fast 2:|
o) ar S [of e @]

where the paramagnetic current j; = i.J <C}ei9i’i+1éi+1 —h.c). Now the constraint is only imposed

on average and bosonic field fluctuations are neglected letting us integrate out the fast modes,
h
Sear = 59 = 237 / drdr'j;(7)P(r — 7')j;(r) = S¥ow _ gfast (2.78)
i

where,

P(r)== > : (2.79)
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It can now be considered whether the fast modes are relevant. We do this by considering a scale
transformation of the Gaussian fixed point described by S%1°V [37]. Under a scale transformation
T=7bwithb>1,

Sfast N bZ—4AC—‘,-15fast7 (2.80)

where 2 comes from the drd7’ integration, 1 from P(b7) = bP(7), and —4A. from the two current
operators. The scale transformation is valid as the gaussian fixed point fulfills P(b7) = bP(7T)
for A — 0 and T" = 0. For one dimension A, = 0.5 resulting in b! > 0 meaning the coupling h
is relevant under RG flow. We can therefore conclude that the h — 0 limit is unstable for our

model.

2.3.5 Strong coupling limit, h — oo

Interacting quantum models always pose a difficulty when trying to solve them analytically.
There are however cases where solutions exist and these are often in certain limits where we can
make use of perturbation theory or expansions. Notable examples is the large flavor limit of the
Hubbard-Heisenberg model [39] or the strong-coupling limit of the Hubbard model [29]. Here,
we will consider the case of h — 0o, in other words when excitations are strongly penalized by

the massive electric field cost.

The two normally competing energy scales are between J and h so now that h > J is it possible

to make a perturbation around h. We define our unperturbed and perturbed operators as,

Ho=hY B} and V=J> [fl0;f;+he], (2.81)
b (3)

respectively. The minimized energy of Hy is when the gauge fields are settled into their local

vacuum, Ej|0) = Ep|0) = 0, which is the only physical state allowed in the strong coupling

limit. More rigorously, we can define a ground-state (GS) projection operator Py projecting any

state onto the low-energy vacuum. A first order projection reads, BV B, looking at the ket side,
By(0y [0)) = ([Ev, Us] + Up ) [0) = Ty [0}, (2.82)

shows us that it leaves the gauge field excited meaning it is outside the Py subspace, hence
BV Py =o. Performing a second order perturbation requires a so-called Schrieffer—Wolff trans-
formation [40], due to the degeneracy of the GS which means that the standard Dyson expansion
fails [41]. Our goal is to construct a unitary transformation ed generated by the anti-Hermitian
operator S (S’T = —5’) Applying this to our Hamiltonian generates an effective Hamiltonian

that is expanded using the BCH expansion,

A & A & A A A A A A 1.~ A~ &
Hpg=e¢ He™ = Hy+V +[S, Hol + [S,V] + 18,18, Holl + ... (2.83)
S is chosen such that the constraint[S, Ho] = —V is fulfilled [40]. Projecting Heg into the GS

yields,
N 1A A A x
Fran = SRS, V1A, (284)
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where HyqPy = 0. Now we want to solve for the generator S by using its constraint and defining
the first excited subspace P, where P, E, = +1P; such that P H, = (:|:1)2hf’1. Projecting the

constraint between the GS and the first excited state results in,
—P\VPy= P.SHyPy — PLHySPy =0 — hP 5Py, (2.85)
where we used the projection conditions on Hy. S can be explicitly formed via the projection

operators S = PSPy + PySP,. The last term in this expression can be derived from Eq. (2.85)
by taking the Hermitian conjugate,

~ 1 /4 ~A & A A A
§=- (P1VP0 - POVPl) (2.86)

where we have made use of V' being Hermitian and S anti-Hermitian. Substituting this into Eq.

(2.84) gives us,

~ A A A A 1 /4 Ar A~ A A A A A
He = 5 Po[S, VP = 5 (POSP1VP0 - POVP15P0>

1l / A AAAA A AA A 1A An non

(2.87)
— (—POVP1VP0 - POVP1VP0) =~ RVPAVE,

T2
after having inserted an identity P; between V and S, and used that paﬁg = paéag. The
perturbation runs over all links in Eq. (2.81) but only terms acting on the same bond projects
onto the right Hilbert space,

J2

ﬁeﬂ =
h b

2
(FOuh AU+ FOSR0u5) = 22 (Db + Diby), (289)
b
with Ujjﬁm = 1. Recall the Heisenberg Hamiltonian in Eq. (2.18), which is the same as our
emergent effective Hamiltonian, Eq. 2.88. Now, why is this? This is due to so-called virtual
hopping, when a fermion with spin a hops on the lattice from ¢ to j it excites a rotor with
energy h. Nature always tries to lower the energy of the system so this huge energy excitation
has to be removed immediately by letting another fermion with spin 8 hop from j to ¢ to relax

the rotor again, effectively creating the SU(2) Heisenberg spin-chain.

Importantly, the prefactor of Eq. (2.88) has an energy scale dependent on h which means that
we have to keep [ > % in order for our system to be in the GS. A system that is not in the
GS will have thermal fluctuations which causes an exponential decay of correlations functions

~ e /4T where &p is the thermal length scale.

2.4 QObservables

Observables are well-known concepts from quantum mechanics, unlike classical mechanics where
the information of a system is known from its equations, here we must extract it by measuring an
observable. In our case the partition function encodes the information, an observable is generally

computed as,

)= [Dlo}e5W0w), 7= [Dis)es), (289)
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where Z acts as a normalization. It is clear that constant prefactors of the partition function
always cancel. During an MC run an observable at a bosonic configuration C' is then averaged

over

e_S(C)

r=ct (2.90)

(0) =>_P(C)(0)y, P(C)
C

Because the derived fermionic action is quadratic the corresponding PI is Gaussian. This means
that any multi-point correlation function can be decomposed into products of two-point corre-

lation functions, defined as the single-particle Green’s function,
Gli,a,7 | i, 7") = (T fialT) f1, (7)), (2.91)

where T is the imaginary-time ordering operator [20]. We can also define the equal-time Green’s
function as,

Gli, o, 7 | 7,0/, 7) = (fia(T) 1 (7). (2.92)
The Green’s function acts as a propagator dictating the probability amplitude that a created
particle at state 2’ propagates to z and is destroyed which can be found by inverting the fermionic
matrix G(z, 7 | 2/, 7') = Mx_i, (1,7'), where = {i,a}. The conjugate of Eq. (2.92) can easily be

found as,
(3 () fia(T)) = 6ivbaer — Gli, a7 | 70, 7), (2.93)

which is all that is needed to compute multi-point correlation functions using Wick’s theorem.
We also note that only gauge invariant observables are of interest as any gauge dependent

observable will average to zero for a sufficient amount of sampling.

2.4.1 Wick’s theorem

We will in this thesis only utilize Wick’s theorem for equal-time correlation functions. A conve-

nient representation of the theorem is,

(fTa)f@) (ffa)f(@) - (ffa)f)

(FH @) flar) - Fl(an) fan)) = det (fT(xz2) f(z1))  (fT(xz2)f(22)) - (fT(z2)f(zn))

(Fi(zn) (1)) (fT(n)fx2)) - (fT(zn) fzn))
(2.94)

where ()¢ denotes the average of the fermionic field. This is all that is needed to compute

multi-point correlation functions [42].

2.4.2 Useful observables

We will now consider the useful observables to examine properties of our model. The spin-spin
correlation function measures the alignment between spins in the chain. The generators of SU(2)

can be defined as,

S°0(0) = flufis — a8 3 Sl i (2.95)
v



22 Lattice gauge theory

where the spin flavor indices «, § € {1, ]}. The correlation function is then,

Cs(i,g) = Y_(SPD)S™ () po = > (fhfisflsfio) so

a#f a#B
= 3 ((FLfis)flatiads + (Fhfia) (Fisflas)
P (2.96)

= (G1(i, )G 16, 1))o + (G0, )G (s 1)) o
= 2(G(i, /)G, J)or
where we have utilized Wick’s theorem and that the single Green’s function cannot change spin

flavor. Furthermore we have spin degeneracy which means Gy = G| = G.

The dimer operator measures the strength of a bond between two adjacent sites which is the
density of a singlet. Thus the dimer-dimer correlation function tells us the likelihood of having

a singlet on bond j given that there is a singlet on i. The correlation function is defined as,
CD = <D1Dj>f¢ — <Di>f¢<Dj>f¢, Dl = Sz . Si+1. (297)

where the disconnected term has to be subtracted to obtain the connected correlations and +1
denotes the spatial distance Z. The dimer-dimer correlation function carries the valence bond
solid (VBS) order which together with the AFM order creates an emergent SO(4) symmetry
which we will show in section 3.2.2. It is also an eight-point correlation function which intro-
duces too much error when stochastically sampling the Green’s functions. Fortunately, we can
circumvent this by measuring the bond-bond correlation function instead, because it has the

same scaling.

The bond operator is a measure of the kinetic energy strength between two sites and it breaks
the same discrete symmetries on the lattice as the dimer operator. This results in both corre-
lation functions having the same power-law scaling for free fermions and for emergent SO(4)
symmetry [43]. A gauge string has to be added in order for the bond operator to be gauge

invariant,

Bi=>Y_ FL Ui firta +hec, (2.98)
[e%
which gives the connected correlation function,

C(i,J) = (BiBj) 1o — (Bi) 1¢(Bj) ro- (2.99)

This function involves only four-point contractions similar to the spin-spin correlation function,
which makes it possible to sample stochastically. To evaluate it we immediately sum over the
flavor index and utilize Wick’s theorem,
(BiBj)t¢ = 2<é(i,j + DG+ 1, ) Ui Uj g + G, )G (i + 1,5 + 1)Ui,i+1UjT,j+1
+ G+ LG+ DU U] o + G+ 1+ DG U] Usgn)
+ 4(bibj) g,

(Bi) o(Bj) ro = 4bi)p(bj) g,
(2.100)
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where the shorthand vector b; = G(i,5+ 1)U; j41 + G (i + 1, Z')UZ-JEZ-+1 was introduced [10]. The first
term denotes the total kinetic bond correlaton while the second term is the correlations from
the gauge field fluctuations. Hence, to get the connected fermionic bond-bond correlation we
must subtract the disconnected background contribution from the total. This makes bond-bond
correlation functions harder to measure because the background gauge fluctuations are typically
orders of magnitude larger than the connected bond-bond correlator. The observable is gauge
invariant, as B; is a gauge invariant operator, but one should in practice always verify that a

global or local phase rotation of ¢ yields the same result when implemented.

Lastly, we will also investigate the question of Gauss’ law being dynamically imposed. This can

be done by looking at the time-dependent Green’s function defined in Eq. (2.56).
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Chapter 3
Low-energy field theory

Formulating lattice models within field theories often provides vital physical insights. A stan-
dard example of such a theory is the low-energy description of graphene which yields massless
Dirac fermions [44,45], or the Haldane mass which generates a topological Chern-Simon field
theory [46]. In this section we adopt a low-energy field theoretic view to the Heisenberg model
in order to derive the emergent SO(4) symmetry which characterizes our system in the strong

coupling limit. Hence, this section can be seen as a continuation of Sec. 2.3.5.

3.1 Dirac fermions

3.1.1 Jordan-Wigner tranformation

We want to show the emerging Dirac fermions of the strong coupling limit of our model. The
emerged effective Hamiltonian turned out to be the Heisenberg model Eq. (2.2) for J; > 0, here
Jn — J. We rewrite it in a collective basis of $%, ST, S,

N
=73 (S5 S + SuSka) + 57571 (3.1)
n=1

where in the S* basis we have eigenstates |£1) such that S*|—4) = |1) and ST |3) = 0. One
can do a Jordan-Wigner transformation [47] by mapping the spin half fermions into spinless

fermions [3],
1
SZ = clep — 2 St =l T 2017 S, —e —im 3 C1clcn, (3.2)

where a non-local string is added so that spins on different sites commute [S;', Sj_] = 0. Inserting

this mapping transformation into Eq. (3.1) yields,

J & 1\ [+ 1
=35 Z ( nCn+1 + Cn+1cn) +J Z ( - 2) (Cn+1cn+1 - 2) ) (3.3)

n=1 n=1
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where, importantly, the non-local strings cancel on adjacent sites [16]. Consider the non-

interacting problem

N
Hy = % Z (chnH + CLch) , (3.4)
n=1

at half-filling. Doing a Fourier transform of ¢, = ﬁ S et*rey easily gives us the dispersion
relation e(k) = J cos k with zero energy Fermi points at kp = £m/2. The variation of the phase
e’ at a Fermi point is rapid e’*F™ = " but it also has a slowly varying phase with respect to
lattice spacing a. The low-energy theory emerges for the slowly varying phase. We define a new
variable which absorbs the rapid oscillations [16], b, = i~"¢,,, and apply it to the Hamiltonian,
g
5 > b, (b1 — bo1), (3.5)
n=1
where we used periodic boundary conditions. There are only couplings between odd and even

sites. Defining a 2-component spinor,

bu(n) = ¢1(n) =bas,  neven, (3.6)
$2(n) = bas11, nodd,
lets us split the Hamiltonian into an even and odd part,
g N2
Ho=i% 3" [6126)(6a(25 + 1) = dals — 1)) + 6428 + (6125 +2) ~ 9a(25)] . (37)
s=1

where the left term is even n = 2s and right term is odd n = 2s + 1. The unit cell size is now
doubled to 2a and we define the continuous coordinate x = 2sa in which we can rescale the
lattice fields to continuous ones ¢,(s) = v/2a1)o(x). Furthermore, the field differences can be

treated as spatial derivatives of 1,

B2(2s + 1) — a(25 — 1) = (2a)> 20,02 (z),

(3.8)
61(25-+2) — 1(25) = (20035 (2)
Finally, by taking the continuum limit a — 0;, f(s) — [ ‘2% (x) yields,
Ho = vp / dx ! (2)04 (100 )0(z), (3.9)

where the Fermi velocity is set to vp = Ja. This basis of ¢ represents the amplitude of even
or odd sites, but we will switch to the more convenient diagonal chiral basis of left and right

movers,

Ho = ~ive [ do (6howvn - wLose). (3.10)

where 11, (¢r) annihilates particles at —kp(+kr) and creates holes at —kp(+kp), vice versa for

¢TL7 g This is the Hamiltonian for massless relativistic Dirac fermions in (1 + 1)-d [48].
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3.1.2 Non-abelian bosonization

To summarize, we have written the spins in terms of spinless fermions using a Jordan-Wigner
transformation. Furthermore, we have examined the low-energy limit of this spectrum in which
the unit cell was doubled and mapped onto continuous left- and right-moving fields in the chiral-

spinor basis.

There are historically two ways to go about this problem. The initial way was to perform an
abelian bosonization where the Dirac spinors are written as exponentials of scalar fields which
results in the Tomonaga-Luttinger liquid [3]. This approach stems from an intuitive idea where
for a one-dimensional chain a particle cannot move without pushing the particles in front of it. As
a result the theory can be condensed in terms of bosonic scalar fields, which in one-dimension is
a duality-mapping. Adding back the interactions and specifically the umklapp scattering results
in the Sine-Gordon model. The problem with this approach is that the abelian bosonization, as
perhaps expected, does not preserve non-abelian symmetries [49]. In our case it is the SU(2)
spin symmetry that will not be preserved. This produces a non-local bose theory in which one
has to regain this symmetry by using the Kac-Moody current algebra [16] to fix the Luttinger
parameter to K = 1/2, thereby ensuring that the critical correlations of Néel and valence bond

solid (VBS) order follow the same power law decay.

The other route of non-abelian bosonization was introduced by Witten [49], where he made a
bosonic theory with the same global symmetries as the fermionic theory, in this case in terms of
spin currents and densities. The theory is rather extensive so we will follow the notion of it and
use a more heuristic approach. Haldane and Affleck [48] showed that this field theory extends
to spin chains with arbitrary spin. The topology of the Wess-Zumino-Witten term reveals a
fundamental difference between integer and half-integer spin chains. Integer spin chains develop
a finite energy gap, known as the Haldane gap, while the half-integer spin chains remain gapless
and thus critical. The gapless chain matches Bethe’s solution [15] which was previously believed
to be the case for all spins. One can see this in the topology of the Berry phase, found in our

path integral formulation Eq. (2.32).

We start by making a bridge by writing the Hamiltonian Eq. (3.10) in terms of the Lagrangian

density for free massless Dirac fermions,

r— %MWO,Y@Mp — %Z (1/;}5(875 + vpdy )R + Ul (9 — vpax)wL) 7 (3.11)

where the left and right mover formalism is actually identical to the light cone components
x = (t,x') [49] (for the Fermi velocity set to unity) and the y-matrices are written in the Weyl
basis. This Lagrangian is importantly a scale invariant fixed point under RG, however it only
has a U(1) symmetry because it currently has no interactions. To fix this we must add back the
interactive term of Eq. (3.3) which is the S7S7_ , term orgininally. This generates a marginally
irrelevant current-current interaction which flows to zero under renormalization group while

restoring the SU(2) symmetry and keeping the system gapless [48]. Now we wish to write this
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SU(2) symmetric theory in terms of bosonic scalar fields g(x), which maps the S? sphere to the
SU(2) Lie group. Witten suggested that the action governed by this bosonic field should be the
chiral-field non-linear sigma model (NLSM),

— 1 2 wo—1
Slg] = s d°x tr (6#98 g ) , (3.12)

where the inner product (X,Y) = tr (XY') is the matrix trace. x = (7, ) is a coordinate of the
compactified 2D Euclidean spacetime ¥ 2 S2, where the derivatives carry greek index p € {1,2}
There are a few reasons why this model is wrong [49]. One reason is that it is not scale invariant,
which produces an asymptotically free theory for SU(N) when A > 0, meaning a dynamically

generated mass gap is opened [16], which is clearly not possible for a spin half chain.

It turns out that we are still on the right track, because the theory can be put right by adding

the Wess-Zumino term,

1

Tlg] = —
9] 2ar

dPyetr (g’laiggflajgg’law) (3.13)

where the ball B? is defined as the interior of S? such that 0B® = S2. Furthermore, y; is a real
coordinate in B3 with derivative indices 7,7,k € {1,2,3} and g(y;) is smoothly extended to the
interior of S2. All Lie groups and thus SU(2) has trivial second homotopy group m2(SU(2)) = 0
which means that such an extension is possible. Considering the uniqueness of I', part of the

partition function is,
7z = / D{g}eTlol, (3.14)

where I'[g] must be single-valued for a given field g(y;). The Lie group is stretched onto B, which
can be done in many different ways, meaning it has the homotopy 73(SU(2)) = Z. In turn this
produces a topological winding number such that I' — I' + 27n where n € Z. One can also
account for more fermionic flavors by adding a quantized k which gives the more general WZW
action,

Swzwl(gl = Slg] + ikT'[g], (3.15)

where k € Z. The Heisenberg spin chain is single flavored meaning we have a k = 1 level WZW

action [16] and a gapless scale invariant fixed point which represents a conformal field theory.

3.2 Wess-Zumino-Witten model

3.2.1 Emergent SO(4) symmetry

The resulting theory - as promised - has given us a very explicit theory of the symmetry, as
g € SU(2). We can make this into a less abstract theory by defining a four-component field vector
b= (¢0, 1, P2, 93)T = (do, )T living on the target space. As mentioned before, g : S? — SU(2)
and SU(2) = 3 is the target space. Furthermore, this means that we can do a parameterization
of the embedded manifold S? in R* . Because ¢ is R* which S® is embedded in, it must have the

unit-sphere constraint g132 = qb% +|@|? = 1, analogous to a three-dimensional vector in S? having



3.2 Wess-Zumino-Witten model 29

a norm of unity. Note that we are working in Euclidean spacetime where we take the metric to

be only plus.

The typical way to decompose g € SU(2) is in terms of the Pauli matrices,

g(z) = ¢°(2)1 + i¢%(x) 0, (3.16)

where two repeated indices represent a sum and we take a € {1, 2,3} [16]. This fulfills the unitary
condition g'g = g¢gf = ¢7 = ¢! and the special condition det g = 1. Starting with the NLSM

term we have,
tr (9,90"g7") = tr [(9,0°1 +i0,6°04) (9"¢6°1 — i ¢, |
—tr [(%qﬁoﬁ"qbol T amaaaa%bab} (3.17)
= 20,60" 9,
where we have used that tro, = 0 and that tr (0,0p) = tr (dap1 + i€apeoc). It is clear that this is

the NLSM’s kinetic term, which has O(4) symmetry, which we will later show.

The WZ-term has three analogous terms so we define a current J; = g~ 19;g,
Ji = [¢08¢¢0 +¢- (aﬂﬁ)} 1+ [¢08iqb — (9:¢°)p + ¢ x (8i¢’)} o, (3.18)

where we used the o,0y identity. The first bracket can be put to zero because of the constraint
(;32 = 1 via the chain rule, secondly we define the current in terms of the generator of the Lie
algebra,

Ji =iA; -0, A% = ¢Y9;¢% — (8;0°)p" + £%,.4°0;0°. (3.19)

This can conveniently be put into the trace of the WZ-action,
tr (JidjJ) = tr |(—iAFALAR) (0a0000)| = 2eanc AT AL A, (3.20)

because tr (0,040.) = 2icape. The easiest way to evaluate this is to choose a simple reference
point and test it against a possible expression. We take a reference point gg ~ = (1,0,0,0)" which
is the north pole of S3. Now, trivially, 9;¢" = 0 and thus A% = 9;¢%, meaning,

tr (JiJij)’¢N = 25abcai¢“8j¢b8k¢c. (3.21)
Suppose we suggest that the action should be on the form,

2605,50° i 0;¢7 O1°

iy = 2epea(1) ;705 ¢ 00" (3.22)

where «, 3,7,6 € {0,1,2,3} and only a = 0 term survives. The argument is that we have a SO(4)
symmetry such that any field configuration ¢ € S can be rotated by a rotation R € SO(4) to the
point ¢x. Both the current trace Eq. (3.21) and the general form (3.22) have SO(4) invariance
which means that they must be equal anywhere on S3. The WZW-action reads,
1 . N .
Swawld] = o5 [ dx (9,8) - (09) + ()

. 1 g (3.23)
D) = 15 [ Ay easst" 067007000’
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The current result has not necessarily given us more physical intuition about the system, but we
are close to it. The coordinate y € B3 can be parametrized in terms of the spacetime coordinate
x = (7, z) by letting y — (x, u) where u € [0, 1]. This means that for u = 1 we are at the boundary
0B3 = S? such that é(g, 1) = <ZA>(§) 2D space is contracted to a single point q@(z, 0) = on for
u = 1, where the continuous values from 0 to 1 is a smooth transformation in B3. The levi-civita
tensor with ¢, 7, k is in terms of y and must therefore have one derivative pointed towards u, in
a factor of three ways. Additionally, the integration measure changes d®y — dud’x = dudxdr,

yielding the term,

1

R 1 5
L(¢) = o /O du / dzdr £05,50% 050 0r 7 0,8, (3.24)

where another factor of 2 is added from writing explicit time and space derivatives. This model

enjoys a SO(4) symmetry, consider a SO(4) rotation of ¢ — R,

1 A A ) 1
S8 = o / P (9,79) - (0" RS) + /0 du / 207 Eaps Rovor Ro 5 Ry oy R

’ / ’ / 1 ~NT N 7 1

fo B ¥ o _ 2 T n Lot (325)
6% 0,6° 0,07 Dy _2>\/d x(@uqﬁ) R R(a ¢)+27r/0 du/da:dmaﬁw
det(R) ¢ 8,¢% 0:¢7 9,07 = 8,

where we used that for R € SO(4), RTR = 1, det R = 1, and the transformation of summing
€ap+s Using the determinant. The NLSM term has O(4) symmetry as it is invariant to det R = +1
while the WZ-term has SO(4) symmetry because it requires det R = 1.

3.2.2 Domain wall defect

So far we have shown the emergent SO(4) symmetry of our model and we shall now resolve what
it means physically. It turns out that we can represent the VBS order parameter in terms of a
domain wall [43]. Recalling the decomposition of g in Eq. (3.16) we can in fact let ¢ = (D, N)T
where D is a scalar order parameter for the VBS phase, and the three component Néel order
parameter N = (N, Ny, N,) represents the AFM phase. With the same constraint D? + |N|? =
1, e.g. when the VBS order is absent, there is a Néel order. The idea is to define a domain wall
of the VBS order that carries a free spin 1/2. In the lattice sense this means that we have singlet
states (|11) — |[41))/v/2 that span from odd to even. At the wall there is a free spin which makes
the subsequent singlet states span from even to odd, see Fig. 3.1. Making use of the topology

—H—H .*H—

Fig. 3.1. Domain wall of VBS order carrying a free spin between the odd and even ordering.

we can map the spacetime coordinates x = (x,7) which spans R? onto S? via a stereographic

projection, where, as before gg is smooth and that lim,_, dg(r cos ¢, T sin ) exists meaning it is
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independent of the azimuthal angle . On the S? sphere the WZ-term reads,
1 1 2m ™
r®—= — / du / dip / 0 € 05609’ Dy 7 D0, (3.26)
27 Jo 0 0

where 6 is the polar angle. We consider the following parametrization of é(cp,&,u) =
(cos f(0,u),sin f(0,u)n(p,u)), where f is a smooth arbitrary function that has a one-to-one
mapping. Let f(0,u = 0) = 7/2, f( = m,1) = 7, and f(# = 0,1) = 0, this implies that

o(p,0,u=0) = (0,n(p,0)), p(0 =7, p,u=1) = (—1,0), and (0 = 0, p,u = 1) = (1,0). This

adequately describes the domain wall and we can now carry out the explicit integration.

Focusing on the integrand of df in Eq. (3.26) we can deduce that v # 0 because ¢° has no ¢

dependence. Secondly, § = 0 because that yields 4,.n%n® = 0. Hence the two terms we get are,
Q 0 0
/ do [cos2 f sin? fa—‘geabcna(?@nbﬁunc + sin? fa—geabcna (pnb(?unc , (3.27)
0

where they can be combined using a trigonometric identity. Making a substitution of 6 by f on

the boundary we obtain,

9 17 1 2m b 1 1 2m
@ = ——/ du dp £qpen®Opn’Oyn’ = f/ du den - (0,n x Oyn), (3.28)
2w 2 Jo 0 4 Jo 0

which corresponds to the Berry phase of a spin 1/2 degree of freedom [43]. It is clear when
considering a single topological winding in which we obtain a theta term of 2S7iI'?). This

generalization shows the difference between spin 1/2 and 1, which is the result of Haldane [6,50].

On the lattice one does not construct such an explicit theory of SO(4), instead the system exhibits
SU(2) spin symmetry alongside additional discrete symmetries, such as translation symmetry.
VBS order breaks translation symmetry so one does not add a combined VBS and AFM mass
but instead a symmetry breaking Gross-Neveu type term. This is the notion of a deconfined
quantum critical point which is a continuous quantum phase transition that consists of two
different symmetry breaking phases [51]. Making it different from classical Landau-Ginzburg

theory which predicts the transition to be first order discontinuous [52].

3.3 Ciritical scaling of observables

The emergent SO(4) symmetry means that we have a critical theory where both correlators
carrying the VBS and AFM orders should have the same algebraic scaling. We have mentioned
that our theory must have a scale invariant fix point which is precisely that. Much of the theory
behind this is naturally based on renormalization group as we have scale invariance, but we shall
not go too deep into that. Instead we will turn to the result of the fixed point scaling which can

be found by either abelian or non-abelian bosonization [16].

The relevant correlation functions for the scale invariant system must follow some type of power

law,
(0(r)O0) = F(r) 55 (329)
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where Ap is the scaling dimension of the operator O and f(r) are corrections introduced by
marginally irrelevant interactions. Consider the Néel order parameters given by ¢1, @2, @3, rep-
resenting x,y, z. This is given by the spin-spin correlation function Eq. (2.96) as Néel ordering
is the alternating arrangement of spins on the chain, where neighboring spins point in opposite
directions, illustrated in Fig. 3.2. It turns out that the spin-spin correlation function decays as,

Cs(r,0) = (—1)Tln1/2(r)% (3.30)

where Ay = 1/2 and f(r) are given by logarithmic corrections [5,53]. Physically, the positive

logarithmic corrections is a sign that the system prefers to enter the AFM phase [3].

4+

Fig. 3.2. Sketch illustrating AFM ordering.

The VBS order parameter ¢g is determined via the dimer-dimer correlation function given in
Eq. (2.97), as they measure the connected singlet state, shown in Fig. 3.3. The logarithmic
corrections are different as we have,

1

Cp(r,0) = (=1)" ln_3/2(r)r

(3.31)

It is clear by the negative logarithmic correction that we have an opposite situation where the

system is not as prone to retain the VBS order.

€ 2>—€ 2r—€

Fig. 3.3. Sketch illustrating VBS ordering.
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Chapter 4

Hybrid Monte Carlo

Hybrid Monte Carlo (HMC) was originally developed for the numerical simulation of lattice
field theory with applications in quantum chromodynamics as it deals with fermionic degrees
of freedom well. It has two major advantages compared to local updating schemes such as BBS
determinant quantum MC (DQMC) [54] which are reduced autocorrelation times and improved
scaling. We will now develop the theory behind this method, consider relevant improvements,

and apply it to our model.

4.1 Why Hybrid Monte Carlo?

HMC is a Markov chain Monte Carlo (MCMC) method whose purpose is to generate samples
from a target probability distribution. We do this by forming a Markov chain whose stationary
distribution is the the target distribution. After thermalization, the chain’s distribution has
reached the target distribution, letting us use the subsequent samples to measure expectation
values of observables. We will begin by reviewing the theory of a Markov process (MP) in order

to understand how a HMC formulation emerges.

4.1.1 Markov process

Consider a distribution function h with a sequence of random variables {X,;n > 0}. A tran-
sition kernel P(z, A) = P{X,+1 € A | X,, = =} defines a time-homogeneous MP if it satisfies
the Markov property of X,1; only depending on the current state X,. The distribution h is

stationary if the process fulfills,
h(A) = / h(da)P(z, A), (4.1)
for all measurable sets A. The nth distribution X, is given by

P{X, € A| Xo} = P"(Xo, A), (4.2)
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where Xy is the initial state in our MP [55]. The distribution h is the equilibrium distribution
if, for A almost all z,
Jim P"(x,A) = h(A). (4.3)

This means that a MP of a system leads us to the physical equilibrium. For A to be a unique
equilibrium two conditions must hold, ergodicity and detailed balance. Ergodicity is true if the
probability of entering any set A to which h has a positive measure is positive, and if the process

is aperiodic. Detailed balance means that we have a transition kernel satisfying,
h(dz)P(z, dy) = h(dy)P(y, dz), (4.4)

making the process reversible. These properties ensure that the Markov chain samples are from
the desired equilibrium distribution and therefore form the basis of MCMC methods such as
HMC.

4.1.2 Background & motivation

The partition function Z contains all macroscopic thermodynamic properties of our system. It

is used as the probability distribution in which we sample observables on the form,

Q) = % / BaeS@Q(a), 2= / [Faje5@ (4.5)

where the partition function has the effective action from Eq. 2.38. Here we use the measure
notation of [da] = [1;; da;; to emphasize the discrete field integration of a;;, where i is site index
and [ is imaginary time index. We work on a Ng x N, lattice where N, is number of sites and

N, is number of time slices satisfying 5 = A7N... The total lattice size is defined as N = NN

The integral we aim to calculate for our observable ) has the same dimension as the lattice
size. An integral of this high-dimension cannot simply be evaluated as a Riemann sum. For
Simpson’s rule with n points the convergence scales as O(n~%9) where d is dimension. MC
sampling however has a dimensionless scaling of @(n~1/2) (or worse) [56] making it viable for
our integral which has d > 8. In general one should note as A. Sokal put it, "Monte Carlo is an

extremely bad method; it should be used only when all alternative methods are worse." [56].

The simplest version of MC sampling requires us to generate N, independent configurations

{aMa® ... aNe)} drawn from the probability distribution P(a) oc e=51% in which the contin-
uous integral becomes, N
1 N

@)~ 5 ;; Q (a®). (4.6)

By the law of large numbers as M — oo, this average will converge to the true expectation

value [14]. In practice can this be feasible for a one-dimensional problem, but for a field theory the

probability weight will almost exclusively be e=5(@)

~ 0. We overcome this by defining a MP with
a transition probability P(a — a’) where the stationary distribution is h(a) = P(a) = e=5().

In the previous section 4.1.1, we showed that this Markov chain guarantees to drift to the
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physical equilibrium and that it stays there, granting the transition kernel fulfills ergodicity and

detailed balance.

The first step towards transition kernels based on global updates utilizing molecular dynam-
ics (MD) was to introduce the Langevin equation [57]. Here the concept of ficticious time ¢
was introcued in order to make use of the Langevin equation which is a stochastic differential

equation,

8011"[ _ 85
ot N aau
where n(t) is Gaussian white noise. The probability distribution of the field a is then evolved

+ 1 (t) (4.7)

according to the Fokker-Planck equation. In the limit where discretization of time At — 0, we
have a valid transition kernel. However this discretization creates a systematic integration error

of O(A¢) which unless extrapolated invalidates our MP conditions.

It turns out we can utilize the MD one step further by making use of Hamilton’s equations
of motion and the Metropolis-Hastings ratio (MH-ratio) [58]. First, let us paint an intuitive
picture of what the HMC algorithm does. Consider a marble on a surface with hills and valleys
described by the field potential S(a) [59]. For a random-walk Metropolis algorithm, it will take
random steps in any direction. Almost every uphill walk will generate a close to zero probability

5(@) ~ (. The Langevin method will be dragged towards local minima by

of acceptance as e~
the force —0S(a)/0da and then randomly kicked by the noise n(t) in order not to freeze at an
arbitrary local minimum violating ergodicity. It moves globally but the discrete time step At
will throw it off trajectory. This was later adjusted via a MH-filter, similar to HMC [60], often

called Metropolis-adjusted Langevin algorithm (MALA).

For HMC we consider the state of the marble in terms of position a and canonical conjugate
momentum 7. Let S(a) represent the potential energy, i.e. the height of the surface at a given
position, and K () the kinetic energy 72/2 [59]. The marble is then subject to a randomized
initial momentum where it gains potential energy when going up a slope and regains the kinetic
energy when going down. Landing in a low-action (valley) region is likely and draws large Boltz-
mann weights, i.e. high-probability. Here it can generate many sample points. Sampling a larger
initial momentum moves it out of the region into another low-action region. Two conclusions
can be made from this: the exploration of configuration space is faster and acceptance rate is
increased. We denote the space of a as the configuration space, while the combined space of a

and 7 is the phase space.

4.2 Theory of Hybrid Monte Carlo

4.2.1 Formulation of HMC

At the heart of HMC is Hamilton’s equation of motion. We must therefore set up a Hamiltonian
in which these can be applied. HMC is known for its near linear scaling while other methods like

DQMC generally has a cubic scaling. This is because the determinant of the fermion matrix M



36 Hybrid Monte Carlo

is exactly evalued with a cost of O(N3). Such an evaluation is also possible using HMC but a
much more efficient approach is to sample the determiant stochastically. This is done by making
use of Gaussian integration such that the fermionic matrix couple to bosonic fields ¢; ; which are
historically called pseudofermions [61]. Focusing on the fermionic part of Eq. (2.38) the formula

reads,

Zp = / [6a] det [ M ()M (a)] = / Badgle? M @M@)] "o (4.8)

where the pseudofermions are continuous complex scalar field vectors ¢ € CV and MT(a)M (a)
is HPSD. It is problematic that it is only semi-definite, as the CG-method is strictly for positive-
definite matrices. However for a zero mode in a MC sweep the energy difference will blow up
and the proposal will be rejected. Moving on, as argued in the previous section, a conjugate
field has to be added to create dynamics. This field is denoted as 7;; and it is governed by the

kinetic energy K(m) =3, Wﬁ ;/2. It is real, contrary to ¢ and has the same dimensionality of «,

namely 7 € RVs*Nr Combining this with the action yields the Hamiltonian,
7r.2 —1
H(a,m, ¢) = K(m) + S(a) = > ;l + S4(a) + o' [MF(@)M(a)]  ¢. (4.9)
il
The partition function then reads [62],
Z - / [5a6756) P(a, 7, ¢) (4.10)
with the distribution function
P(a, 7, ¢) = e~H(em0), (4.11)
A continuous ficticious time ¢ can now be introduced which evolves phase space via Hamilton’s
equations,
dﬂ'i,l . OH
dt N 6&1' 1 ’
’ 4.12
daiyl o 87'[ ( )
dt N 871'1"17

where for a time duration s, the equations define a mapping 7T from the state (a,7) — (a/, 7).
To compensate for the numerical integration errors of Eq. (4.12), we introdice a MH-ratio,

T(](CL,, ' — a, 71‘) P(a’/7 71-/7 ¢))
’ T()(Cl,ﬂ' — alaﬂ/) P(a,7r, ¢)
= mln (17 eH(a,ﬂ,¢)—H(a/,wl7¢))

rMH = min (1
(4.13)

where the simplification of the proposal probability density T{) = Ty is valid due to the properties

of Hamiltonian dynamics [59].

Detailed balance & ergodicity

It is easy to get lost at this point in all the fields and variables that have been introduced. We
will therefore take a step back to define the transition kernel, which is in this case an algorithm,
and see that the necessary properties of a MP are fulfilled. The algorithm for the transition
kernel T'((a,7) — (a’,7")) is
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o Sample a random initial momentum 7 ~ N(0,1) from a Gaussian distribution.
o Evolve a and 7 according to the Hamiltonian trajectory given by Eq. (4.12).
o Accept the new state (a’, ') according to the MH-ratio, Eq. (4.13).

A transition kernel must have detailed balance to satisfy a MP. This condition is easiest to show
in terms of reversiblity. The mapping Ty taking the phase space from time ¢ to (¢ + s) is one-
to-one which means it has an inverse T_;. It can be obtained by negating =, applying 7%, and
negating 7 again. From the fact that the Hamiltonian is additively separable and K () = K(—m)
is fulfilled, this property holds. Numerical error of integration can break reversiblity but this
is mitigated by the MH-acceptance criterion. This is important in order for the distribution to

stay invariant [59].

The second property is the conservation of the Hamiltonian, which keeps the Hamiltonian itself
invariant. This is only approximately true under numerical integration errors and is therefore

adjusted by the MH-acceptance criterion. The proof of this is simple,

Z daiy OH  dri, aa]zlaﬂ OH O M| _ (4.14)

dt Ba” dt aﬂ'i,l 871'2‘,[ 8(1@'71 B aau 87@’1

The third condition is the preserved volume of phase space also known as Liouville’s Theorem.
Looking at a volume element d€2 = [da][d7], integration over this must be conserved for all fields,
i.e. the Jacobian is set to unity. This is what ensures the proposal density ratio in Eq. (4.13) to

be equal.

A stricter condition than volume preservation is symplecticity which ensures locally that the
area of a;;,m;; stays constant. This can be generalized to show volume preservation. Further
it means that the error of the numerical integration is bounded by oscillations. In practice this
translates to us not needing infinitesimally small integration steps for longer trajectories in phase

space.

Finally we can add that ergodicity is maintained because of the random sampling of momenta
in the initial step of the algorithm. Now that all the conditions for the MP are met, we can
construct the actual HMC algorithm [14].

Step 1 Start by sampling the pseudofermions outside the transition kernel, drawing n ~
CN(0,1) € CV from a complex Gaussian distribution, where n = ng + in; and ng,nr ~ N(0, %)

with in total zero mean and unit variance. Next we compute
¢ = M'(a)n, (4.15)

such that ¢ represents the correct pseudofermion distribution P(¢) e~ ¢T(MIM)™16 - Addition-

ally fresh momenta are sampled 7 ~ N(0,1) € RV,
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Step 2 Update the fields a and 7 via Hamilton’s equations in Eq. (4.12) with a time step of

e = L/N; and total length L, using a symplectic numerical integrator.

Step 3 Accept the new fields a’ and 7’ via the MH-ratio, Eq. (4.13). If accepted set (a,m) <«
(@', 7"); if rejected let (a,m) + (a,7) and go to Step 1.

Peculiarities of HMC

Before going into the numerical details of this algorithm, we will make a few remarks. The
symplectic integrator fulfills the criteria of Hamiltonian dynamics such that the acceptance rate
is almost 100% when taking the continuum step-size limit ¢ — 0. HMC is obviously based
on continuous variables, which means it can only travel configuration space continuously. This
implies that for many implementations there are separate regions where (det My, det M) =
(+,+) or (—,—). These cases are separated by a boundary det M ~ 0 where the inverse is
singular, resulting in an infinite potential barrier [63]. There is however a caveat, when energy
conservation is violated by taking a large step-size ¢, it is able to cross over. Whether one should

rely on such discretization errors is perhaps another matter.

This problem of HMC is commonly denoted as ergodicity issues as the method no longer satisfies
ergodicity. Solutions for this can be to have a mixture of Markov kernels, where HMC updates
are interleaved with a local updating scheme. The local updates can tunnel through this barrier,
because the updates are discontinuous. One can prove that in principle only one kernel needs
to satisfy ergodicity for the whole configuration space [55]. There are also cases where more

sophisticated approaches can be used, such as a complexified configuration space [62].

We have however shown using the combined particle-hole and TRS symmetry that our formu-

lation is free of discontinuous regions, Eq. (2.37). To be explicit det M, = x + iy, implying
det My det My = 2% + ¢, (4.16)

enabling continuous trajectories to bypass the origin det M| det M} = 0 and circumvent ergod-
icity issues. This is mathematically equivalent to the complexified model in [62], although this
is naturally achieved by the U(1) gauge fields and particle-hole symmetry instead of introducing
it artificially. Note that zero modes of MTM are possible, but this will not inflict on the general

ergodicity as they will be rejected and the region can be reached.

4.2.2 Force evaluation

We have so far not evaluated the partial derivaties of Eq. (4.12). These must be analytically

evaluated in order for the method to have an efficient scaling. The kinetic derivative is trivial,

dai l 67—[
== = ;. 4.1
dt 371'1‘71 il ( 7)
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The partial derivative of the gauge fields is typically denoted as the force and it can be derived
with simple matrix differentiation rules. Let A = MM,

—1 .|.
04 _ 4 <M> Al=—-4"1 KaM ) M+ MT aM] ATY (4.18)

Oa;; Oa; a;,; a;;

where we first used the chain rule and then the product rule. The partial derivatives can be
combined by noting that A is Hermitian (A~')T = A~!, such that the imaginary parts cancel,

i.e. z 4 2" = 2%Re(z). The full fermionic force then reads,

PO <¢>T(MTM)—1 lMT (gM)] (MTM)—lqs) . (4.19)

W=
da; a;;

The innermost derivative still remains and it is dependent on the structure of the fermion matrix.

Letting X = (MTM) !¢ and Y = M X,

N-—1
T 0By 0B
Fly = 2% ( 3 lYJH (—&L?> Xl/] +v] ( 5 fo> XNT> : (4.20)

l/=1 Z,l

)

where the last time slice has a positive sign due to antiperiodic boundary conditions in time for
fermions. Note that the coupling between I’ and I’ 41 is because the diagonal of M is unity. The

partial derivative of the propagator By is localized in time,

— 5 , even/2 Vodd Veven/2 421
Oa; i Oa; (e e ) 7 ( :

and the differentiation is carried out using the product rule, where only off-diagonal terms of

¢Veven/odd gurvive when using the symmetric checkerboard decomposition, Eq. (4.44).

The Second force term is over the electric field action. Differentiation here is straightforward,

. OM, 1
F=- =
' Oa; 2ATh

[sin(ai7l+1 — a@l) — Sin(au — ai’l_l)] . (4.22)
The total force is thus given by F = F¥ + F9.

4.2.3 Measuring observables

A QMC algorithm is essentially useless provided we do not measure anything. The cornerstone
of observables is the time-ordered single-particle Green’s function

f(r) 1 T
gz’,j(T) _ {< i(7) ](0)>a 0<r<p (4.23)

where the evolution of the spinon is given in continuous imaginary time, ﬁ =eH ﬁ-e_TH . Wick’s
theorem enables us to decompose multi-point correlation functions into linear combinations of
single-particle Green’s functions [20,64]. Unbiased estimates of G can be made from M~1 = G

throughout the simulation such that,

Gij(1) = Gy ) (4.24)
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where 7 = A7(l —1') fulfills —8 < 7 < 8 [65]. Doing an expensive direct inversion of M would

be detrimental to the scaling of HMC. We can instead employ an unbiased stochastic estimator,
G = (Gn)n', (4.25)

for a random vector 7 that satisfies component-wise (1;) = 0 and has independent entries
(ninj) = 0i;. Distributions satisfying these properties are for example the complex Gaussian or
the complex Z,4 [65]. The still present inversion can be solved as a linear system of equations,

such that we in practice estimate,
-1
(M~ = (MTM) - Myt = X, (4.26)

where the estimation of MTMX = M’y was used. Note that Xn' is computed using the outer
product. The stochastic evaluation introduces more error to our measurements but it is currently
the most efficient method to obtain the Green’s function with similar scaling as the HMC
updates. The numerical implementation of this method can be greatly improved which we will

see in section 4.3.5.

4.3 Numerical implementation

The program can be found on the following GitHub page [1].

4.3.1 Choice of integrator

In the formulation of HMC, it was stressed that criteria of symplecticity and time reversal sym-
metry had to be met by Hamilton’s equations. This must also be fulfilled by the numerical
integrator of choice. This places the suitable integrators into the class of symplectic integra-
tors [62]. The most common and simplest integrator achieving this is the leapfrog method. In
this work, we have used higher order integrators and more sophisticated methods. It is still good

to establish a ground based on the leapfrog method as it serves as a steady base of improvements.

It is convenient to describe the integrators using the Lie algebra formalism when looking at higher
order methods, following the notation from [66]. We omit the pseudofermion dependence of our
total Hamiltonian #H(a, ) = K(m) + Sg(a) + Sr(a) as it stays constant during the integration.
Let f(a,m) be an arbitrary smooth function defined on the phase space (a, 7). The Hamiltonian

‘H generates the time evolution via the Poisson bracket operator

. Of OH Of OH
L(H)f = (g yp = 9T OO (1.2

letting us write the formal solution of Hamilton’s equations,

f(t+e) =etM (). (4.28)

where € is the step-size. The linear operator ﬁ(H ) cannot be evaluated directly as K and S do

not commute. To this end we decompose L(#) via the two operators,

LH)=T+F, (4.29)
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where T' = IZ(%H) and F' = L(S(a)). The leapfrog integrator is then given by,

Urr(e) = efT+F) — g3eF ol ozel | O(e%), (4.30)

which has a local error of O(e3) because the odd commutators vanish and a global error of O(€?).
One can calculate the exponential operators via the Poisson bracket to find the field updates

but here we will state the results for one leapfrog iteration with step length ¢,

. (t + ;) — () + SF(a(t))

2
alt +¢) = a(t) + e (t + ;) (4.31)
T(t+e) =r (t+ ;) + %F(a(t—i— o).

A chain of leapfrog operators defines the total trajectory length L = eNy,

PN A
Uwr(L) = (eéeFeeTe%d:) + O(é%). (4.32)

Another second-order integrator was found by Omelyan et al. [67], which minimizes the prefactor
of the integration error by splitting the operator weights efficiently. In operator form, the method
is described by,

Uso(€) = e)‘eﬁeéTAe(k”‘)EFeéfe)“C‘F, (4.33)

where ) is the optimized weight [68],

1 (2326 + 36)Y/3 1
A== — ( + 36) + ~ 0.1931833275037836, (4.34)
2 12 6(21/326 + 36)1/3

which can be derived from Eq. (4.33). This integration scheme requires two force evaluations
per iteration which is twice as much as the leapfrog method needs, shown by the 20 where O
stands for Omelyan. This is however compensated by the fact that the error is smaller, such that
a step size € can be at least twice as big [66]. Numerical evidence of this is presented in section

5. It furthermore satisfies symplecticity and time reversibility as shown in [67].

There are also useful symplectic integrators of another character, namely splitting the step
size of the force evaluations. This was first introduced by Sexton and Weingarten [69] for lattice
quantum chromodynamics. It is practical when dealing with an action composed of two different
terms, i.e. S(a) = Sy(a)+ Sr(a). Evaluating the fermionic action is substantially more expensive
than the gauge action. We can therefore split the time-step length and use a more fine-grained
step-size for the gauge fields. Another step size 6; = €/n; is introduced which updates the gauge
fields over n; iterations. This is in fact an inner leapfrog integrator, which is important as this
method also has to be time reversible and symplectic, which it is. The force operator is split into

fermionic and gauge forces, F= ﬁ’g + Fp, such that the multistep operator can be written as,

1_7 1 n o1 o\t 1§
Unis(€) = ez°'F (eEJthe‘stTeiéth) o2l (4.35)
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Note the absence of prefactor before MS. This is because, unlike the Omelyan method, multistep
only requires one fermionic force evaluation per iteration. An algorithmic implementation of this
can be seen in [65], with the caveat that they form it as a 2MS method. The multistep method
shows to be most useful when the gauge fluctuations are strong as it introduces more numerical
error into the integrator. Decomposing the gauge force into smaller steps makes the total step
size € dependent on the computationally expensive fermionic force instead. Investigations of an
appropriate size of n; are made in [65], where they find that n; > 5 are sufficient. Although, the
value of n; has to be much larger in order for the gauge force to be as numerically expensive as

the fermion force, so we set n; = 10 to be safe.

We have now introduced two very different approaches of improved leapfrog integration and the
reader might ask if a combination of these can be fruitful. The answer is yes, and it is quite
easy to construct with the help of the integrator operators. Firstly, we define an inner gauge
operator Ugauge(€) that evolves the system under the kinetic energy T and gauge force Fg over
a time interval e,

Ugauge(ﬁ) = (e%5tﬁgeétfe%5tﬁg)nt , (436)

which satisfies time reversibility Ugauge(—€) = Ugatge(€). This can now be embedded into the

Omelyan operator Eq. (4.33),

n € _ n € n
Usoms = e/ - Ugauge(i) (172Nl Ugauge(i) e (4.37)

where A is defined in Eq. (4.34) and the - is there for readability. We can conclude that this
integrator satisfies symplecticity and time reversibility as it is constructed symmetrically from

two schemes fulfilling it.

A HMC update can now be expressed numerically using an integrator of choice. Algorithm 1
shows the pseudocode for one HMC update using the Omelyan-Multistep integrator, where lines

6 — 14 represents Usoms. Algorithm 2 shows the inner gauge 1oop Ugauge(€)-

Acceptance rates and autotuning

The acceptance rate of HMC should generally be kept quite high, roughly around 60 — 80%.
There are subsequently two parameters of the algorithm we want to optimize in order to obtain
effective simulations with good autocorrelation time. These consist of the integration step € and
the total integration length L = e N;. Very small values of € will almost yield a 100% acceptance
rate. This is not optimal as we are being too conservative, we use too much computing power
per sweep. Instead we want € to be as big as possible without going lower than 60% acceptance

rate. For our purposes we let Ny ~ 20 to pin down the optimization of only one parameter.

There exist, more sophisticated autotuners such as the No-U-Turn-Sampler [70], but these require
more computational effort. Instead, we turn to a very simple self-designed autotuner which will
be active during thermalization. It is important that it is not autotuning during simulations,
as it can be destructive to ergodicity and detailed balance, and also change the integrated

autocorrelation time. The algorithm can quickly be summarized as:
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Algorithm 1: Omelyan—Multistep HMC update

1 Save initial state: a;

2 Sample random complex gaussian: 7 ~ CN (0, 1)
3 Compute psuedofermions: ¢ < MT(a;)n
4 Sample momentum: m; ~ N (0, 1)
5 Calculate initial energy: H; < H(a;, m;)
6 Update momentum: 7 <— 7 + e\Fy(a)
7 fortel...N; do
8 a,7 < Ugauge(a, m, 5)
9 w4 m+€(1 —2)\)Fr(a)

10 a,m < Ugauge(a, T, §)

11 if £t < Ny then

12 ‘ T < T+ 2eAFr(a)

13 else

14 t <= T+ eAFr(a)

15 Final states obtained: ay, 7

16 Calculate final energy: Hy < H(ay, 7y)

17 Acceptance probability: P < min (1, e~ (Hy _Hi))
18 Sample uniform 7 in [0,1)

19 if r < P then

20 ‘ Accept final gauge field ay

21 else

22 L Revert to initial gauge field a;

1. Perform 50 HMC updates and store acceptance rate.
2. If acceptance rate is over 80% let € — € x 1.1.
3. If acceptance rate is belov 60% let € — € x 0.9.

4. return to 1.

4.3.2 The Conjugate Gradient with preconditioner

It was previously shown that the determinant of MTM can be rewritten as a path integral over
pseudofermionic fields. This was useful because calculating the determinant of an N x N matrix
M using Gaussian elimination requires O(N?) flops. One might object here and say that the
inversion of M also requires O(N?) flops, which is true. However, it turns out that one never has

to explicitly calculate the inverse of MTM or M. The problem can always be written in terms
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Algorithm 2: Inner gauge leapfrog: Ugauge(a, 7, €)

1 Calculate inner step size: 6t < €/ny
2 fortel...n; do

3 T4 T+ %Fg(a)

4 a<—a+otm

5 | T 71+ %F,(a)

6 return (a,n)

of a linear system of equations,
OX = ¢, (4.38)

where O = MTM is HPD. This enables us to write it as a minimization problem of a quadratic

function,

f(X) = %XTOX — XTg, (4.39)

and solve it through an iterative process called Conjugate Gradient (CG). It is especially good for
solving sparse linear systems by finding O-orthogonal search directions. The method is readily

described in [62,71] so we will immediately move on to the CG with preconditioner (pCG).

Suppose we have a preconditioner O, set the vectors Xo, 19 = ¢ — OXp,dg = 19, and scalar
¢ = (ro, 0~ 'rg) /(dy, Odp) with (-,-) defined as the inner product. Then the iterative scheme

Xnt1 = Xn + (udy,
Tn1 = — (uOdp
pn = (rns1, 0 'rp 1)/ (1, O~ 11,) (4.40)
dpy1 = Oflrn_ﬂ ~+ pndn
Cnt1 = (Fnt1, 07 ' rng) /(dnyr, Odnya)

will converge such that X, reaches the true X. The choice of initial starting vector X, can
reduce the number of iterations and a common one is the previous solution. There also needs
to be a stopping criterion for the iteration scheme. The theoretical max number of iterations is
N as each Krylov subspace creates a unique O-orthogonal search direction for every iteration.
This is also what makes the algorithm so powerful because the orthogonality prevents it from
iterating away from the true X, meaning X, is at worst no further from the solution than
Xy, [71]. In practice, a dynamic stopping criterion is used instead. The residual for each iteration

is ¢ — OX,,, which we can use to define a termination criterion [62],

__lg—ox
"l

where || - || is the 2-norm. The tolerance should be lower than the integrator time-step squared

<1077, (4.41)

in order to not limit the numerical precision of the integrator.
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There are three main factors that decide the time complexity of the pCG: the matrix-vector
mulitplication involving Od, O~ 'r, and the number of pCG iterations. The Od multiplication
is already established to have linear scaling, O(N). There are two ways to go about the quality
of the preconditioner as it has to balance the accuracy and efficiency. The ideal case would be
that O~! = O~! as the algorithm would converge in one iteratiom. This would however for a
non-trivial case need O(N?3) scaling. In some cases is it possible to find a general preconditioner
that does not have to be upgraded for every MC sweep [10] and one can therefore construct an
expensive preconditioner once. Given that it has some bandedness or sparsity such that it has
linear scaling when computing O~ 'r. In many cases this is not possible and one must construct
a new preconditioner for every sweep or iteration, where both the creation of the preconditioner

and appliance must be kept to a near linear scaling for optimal performance.

The third factor that impacts the pCG algorithm is the number of iterations. A general CG has
the number of iterations proportional to y/k where kK = Ajax/Amin is the condition number [72]
for a HPD matrix, and A; are the eigenvalues of O. A matrix is considered ill-conditioned
when « is large, e.g. a singular matrix has k — oo. It is known for the Hubbard model that
increasing inverse temperature and the Hubbard interaction U makes the matrix O increasingly
ill-conditioned [73]. The Hubbard model in one-dimension maps onto the Heisenberg chain in
the strong coupling limit [74]. Our model has the same strong coupling limit for h — oco. We

can therefore expect that the matrix O becomes more ill-conditioned for larger values of h.

Preconditioners

A few different preconditioners have been tested as potential candidates for our method. This
is essentially a task of making quality guesses as there is no universal preconditioner that works
well for every symmetric PD or HPD matrix [62]. Unfortunately none of them gave a significant
computational improvement. This might be attributed to the fact that one-dimensional systems
are more driven by quantum fluctuations and collective excitations, which make it harder to
find a generalized preconditioner. There is also the problem of lattice anisotropy as we generally
work with 10N ~ Ny which means that the fermion matrix M is very long in time. This has
been found to drastically increase the condition number, thus making the CG iterative scheme

take longer to converge [75].

We note that two types of preconditioners were tested. First, a more expensive type of precon-
ditioner which would be initialized once per simulation. This worked by doing an incomplete
Cholesky factorization of M but it has near cubic scaling and has to be updated every few
sweeps to retain a speedup. This makes it unfeasible for lattice sizes bigger than 12. Second, a
cheaper preconditioner which could be updated every sweep at a similar computational cost as
a matrix-vector multiplication. To this end a first order Chebyshev polynomial approximation
works but it only halves the iterations which effectively neutralizes the computational speedup

as it requires a matrix-vector multiplication.
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4.3.3 Symmetric checkerboard decomposition

A one-dimensional system with only nearest neighbour hopping will always be bipartite, meaning
that hopping from sublattice A — B and B — A are the only allowed movements. We can
therefore denote the hopping over spatial lattice sites (2n + 1,2n + 2) as odd and (2n,2n + 1)
as even. Recall the defined entries of the M matrix Eq. (2.36), but now without spin index,
B, = V" with [VT]U = Are'®i7 . We can now decompose the V; in terms of even or odd hopping

by applying a symmetric Trotter-Suzuki decomposition [23,76],
B — e%vcn/2evoddev:cvcn/2 _|_ O(ATB), (442)

where time indices are omitted. It is clear to see how this would represent a checkerboard in
two-dimensions. The error comes from the non-commutivity between odd and even hoppings.
However, all terms within Viyen and Voqq commute locally with each other, meaning we can

factorize eVever and e¥dd into a direct sum of 2 x 2 matrices, acting on bonds,

evodd/cvcn — @ eAT‘]T‘b7 Wlth Tb = l (443)

0 ei“bﬁl
bebonds

_e_iab,T 0

Furthermore, Tj satisfies Tb2 = | meaning we can do an expansion of the exponential such
that [8],

eVodd/even — @ ATITy — @ (I cosh(ATJ) + Ty, sinh(A7J))
bEbonds bEbonds

cosh(ATJ) —e.r sinh(A71J) (4.44)

—e~tbr sinh(AT.J) cosh(ATJ)

"1 odd/even

The upshot of this is that the previous propagator B, was dense, meaning it had a time com-
plexity of O(N?2), which we have now reduced to O(N;). Furthermore it is now possible to create
a matrix-free representation of MM [10], as we can apply B, without explicitly constructing
it.

4.3.4 Matrix-free representation

Forming big complex matrices MTM of size N x N is unfeasible for a computer to handle
efficiently. A sparse representation of MM can be made but that requires rebuilding the matrix
for every update of the gauge fields. Furthermore, sparse matrix-vector multiplication is limited
by memory bandwidth via index lookups and unable to make use of local caching or SIMD

vectorization.

The fermion matrix and especially the product MM is the core entity that limits the efficiency
of our simulation, mainly when the solution of MTM X = ¢ has to be found in the CG method,

used for both the force evaluation inside the numerical integration and the stochastic sampling
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of the Green’s function. We have to apply MM at least once every iteration of the CG, where
we typically need hundreds of iterations. It is therefore necessary to construct a matrix-vector

multiplication in operator form [77].

All the heavy-lifting is essentially done after the symmetric checkerboard decomposition as this

enables us to write a stencil of B,

IX,+ By Xy, 71=1,
(MX], = 1N (4.45)
IXT - BT—IXT—17 T > 17

where B; is given by Eq. (4.44). The MTX operation follows a similar structure where the
irregular block is shifted to index 7 = N,. Every time block can be updated independently
meaning we can parallelize this procedure by assigning threads to different time blocks. Applying
the full MM is trivial by doing two sequential calls where an intermediate temporary vector has
to be allocated. We conclude by noting that the procedure follows a O(N;N;) time complexity
with a memory reduction of O(NsN;) by never storing M or MT.

4.3.5 Stochastic approximation of the Green function using FFTs

General theory for how to calculate the Green’s function in HMC was given in section 4.2.3.
Here we will show the necessary optimizations for a successful sampling. Start by sampling a
random vector 7 € CNsN7 and compute iteratively MTM(Gn) = MTn. After obtaining G the

matrix elements can be approximated via,
Gij =~ (Gn)inj, (4.46)

where * denotes the complex conjugate. Wick’s theorem decomposes multi-point correlation
functions into linear combinations of Green’s functions [64]. We therefore need to stochastically

sample another independent Green’s function in order for the noise to be unbiased,
GijGry = (Gn)in; (Gn')e(n)], (4.47)

where the random vectors n and 7’ are mutually independent and fulfill (n;) = 0, (n;n;) = di;
individually [65].

When computing correlation functions such as spin-spin or bond-bond, one is often concerned
with the time-independent and translationally invariant quantity. For a thermalized distribu-
tion all time slices are equal and our model possesses translation symmetry. An estimate of a

correlation function with less error can therefore be spatially and temporally averaged as,
1
Or = > Ciita, (4.48)
i

where A = |i — j| and Ca represents a 2,4, 8-point Green’s function. The problem is that
taking this average has a time complexity of O(N?) which would plummet the overall complex-

ity of our algorithm. One can however make use of the translation invariance to average the
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correlation function using convolution at a cost of O(N log Ng). We are only concerned with
time-independent observables, unlike [65], hence we do not need to extend the Green’s function

to account for temporal anti-periodic BC.

The simplest case is the standard time-independent two-point Green’s function,
1 1 1 1
GpA ~ — — Y G, Tm—E—E F (GN)itAr 4.49
A NT ; NS ; 74+A,Z7 NT ~ Ns - 771,7-( 77)1+A, ( )

The temporal sum will be omitted for the rest of this section. Let a; = n}, b; = (Gn);, and write
Eq. (4.49) as,
1
GAmﬁ(a*b)A, (4.50)

s
where a % b is the circular cross-correlation [65]. By the circular convolution theorem, we can
write

(axb)a ~ F H{F(a)* © F(b)}a (4.51)
where F is a one-dimensional spatial discrete Fourier transform and ® denotes element-wise
multiplication. The complexity of the circular convolution is O(Nslog(Ns)) and the temporal
average makes it O(N log Ny). This is unfortunately not sufficient for estimating four-point or
eight-point correlation functions because it will lead to biased estimations. We will therefore

have to construct the convolution for estimations on the form of Eq. (4.47). Starting with,
Z GiivnGiipn ~ Z(Gm?T)z‘,HA(GU/UIT)@HA
i i
= > _[miranipall(Gn)i(Gr)i] (4.52)
i

=[mon)*(Gno Gn)la,

in which we can use the same approach for the other two,
D GiynisaGii = [(n©Gn)* (f © Gn)la, (4.53)
i

Y GiisaGipni = (1O GY) * (f @ Gy)la. (4.54)

This is every contraction that is needed for four-point correlation functions as G; j = &; ; — G,
can be divided into two parts. The delta term can be treated trivially using Eq. (4.49) and the
second term requires an index switch and a subtraction. Using this one could calculate spin-spin
and bond-bond correlations efficiently. For practical purposes one should compare the Fourier

representation with the trivial averaging and achieve an identical result.

4.3.6 Combinatorial stochastic estimation

It is very unlikely that a single random vector 7, is enough to obtain a reasonable approximation

of Ga. Therefore one often averages over an array of IV, random vectors,

1 er
N 2 (Gl (4.55)

n=1

Gij ~
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Doing this for Eq. (4.47) would require 2NV, CG solves to obtain NNV, samples of G; ;Gj;. A

more efficient strategy would be to store all random vectors [n1,...,nn,,] and all CG solutions,
[Gn1,...,Gnn,,] [65]. One could now do unbiased estimations for all pairs of random vectors,
N\
GijGri = ( ;) > (G} )i g (G )i, (4.56)
n<m

which greatly reduces the noise. The limitation of this method is mainly the memory usage as
this method requires all 2NV, vectors to be stored at once. Fortunately, setting N,, = 30 is
often sufficient to reduce the error significantly as it does (]\gv) = W = 435 unbiased

estimations.

The question remains whether eight-point correlation functions can be measured using this
technique. At first glance it might seem feasible as one could construct a lot of combinations
(]\ZV) ~ N2 /24. This is however not satisfactory because the stochastic error of multiplying
G1,2G3,.4G56G7 8 makes any correlation completely filled with noise. We can fortunately show
that the eight-point dimer-dimer correlation has the same scaling dimension as the four-point
bond-bond correlator, meaning that all relevant observables can be sampled stochastically for

our model.



50

Hybrid Monte Carlo




51

Chapter 5

Results & Discussion

Here we go through the result of the numerical simulations and discuss them in the light of the
analytical calculations made in the previous chapters. Temperature-dependent simulations are
made to further develop the understanding of the Gauss sector gap. There are also numerical

measurements of the performance of the HMC.

5.1 Ground state phase diagram

From the theoretical calulcations made, can we already suggest a phase diagram in terms of
the systems ground-state. We found that the U(1) gauge theory maps onto the Heisenberg
spin chain as a marginally relevant perturbation. Furthermore, we showed that the low energy
effective field theory of this model results in an emergent SO(4). The frozen limit ~ — 0 showed
a breaking of the U(1) symmetry analogus to the Higgs mechanism resulting in a free-fermionic
phase. However a stability calculation showed that this Gaussian fix point is unstable in one

dimension. A summary of the ground-state phase diagram can be seen in Fig. 5.1.

\NZ. AN AN

e “so) h

Fig. 5.1. Ground state phase diagram of Eq. (2.26) in terms of parameter h where FF corresponds to
a free fermionic phase at h = 0 and SO(4) to the emergent Heisenberg spin chain. The FF point is an
unstable Gaussian fixed point so it always flows towards the SO(4) phase for finite h.

5.2 Phase diagram

The HMC calculations consist of a spatial dimension Ng and temporal § = A7N; where the
Trotter error A7 = 0.1 and the hopping energy J = 1 for all simulations. We only consider
multiplicative dependence between 8 and N,. Simulations where performed using the Omelyan-

Multistep integrator with n; = 10 inner evalutations. The total configuration space length
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L = eN; changes dynamically by the autotuning algorithm of €, but Ny = 20 for all simulations.

This roughly corresponds to L ~ 1 in practice.

We start this section by presenting the crossover of the temperature-dependent phase diagram
in Fig. 5.2.

Free fermions
gapless

Emergent SO(4)
gapped

o=

Fig. 5.2. Temperature-dependent phase diagram of Eq. (2.26) in terms of temperature and electric field
strength. The fuzzy area highlights the crossover from the gapless gauss sector with free fermions to
the gapped chain with emergent SO(4) symmetry. Dashed line represents the exponential charge gap
instability.

In the ground-state we have a strict instability for h = 0, whereas here there is a crossover due
to finite temperature and finite-size effects. However for larger h there is some analytic crossover
between the gapped and gapless Gauss sectors. The nature of a crossover is different from a
phase transition. First order phase transitions are most common and they have a singularity
which means that the transition will become sharper and more distinct for larger lattice sizes.
A crossover has no singularity and will therefore never have a sharp transition as it is purely
analytical and always remain smooth. Lastly we also highlight that this model should follow
the same charge gap instability as A — 0 which is present for the one-dimensional Hubbard
model [35]. Here the correlation length diverges exponentially which means that finite-size effects

will always be present when going to such low h’s.

5.2.1 Dynamical generation of Gauss’ law

The dynamical generation of Gauss’ law dictates whether a genuine gauge theory is present. We
study this in terms of the time-dependent Green’s function which has an exponential decay in
the presence of a Gauss sector gap, Eq. (2.56). Fig. 5.3 shows the decay rate for simulations on

both sides of the crossover regime.

It is clear to see that for the low electric field strength we simulate a gapless regime. The decay

of the time-dependent Green’s function corresponds roughly to a power law ~ 777. This means
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Fig. 5.3. Decay rate of the time-dependent Green’s function.

that we are simulating on energy scales above the gauss sector gap A,. In turn the theory is not

a valid gauge theory because Gauss’s law is not conserved locally.

For stronger electric fields the Gauss sector gap becomes larger and we are able to simulate on
energy scales below the gap for an equal 3/N; scaling. It shows a clear exponential dependence
as the straight line decay for a logarithmic y-axis is exponential. The crossover between the
gapped and gapless regime is approximately between 0.5 — 1.0 which means that the gap is
slowly obtained for different values of h. Furthermore when increasing h even more the effective
energy scale of the emergent Heisenberg model in the strong coupling limit starts to thermalize

the system and simulating below the gap becomes increasingly harder.

5.2.2 Temperature crossover

To study the nature of the crossover we perform two scans. The first one is in terms of temper-
ature which would correspond to a vertical line from the gapless to the gapped regime, Fig. 5.2.
Lower values of h can be seen in Fig. 5.4. Here we can see that the energy scale of lower tem-
peratures are below the Gauss sector gap such that Gauss law is dynamically generated. This

is clear from the emergent SO(4) symmetry shown by the critical power law scaling 1/r.

The plots show that even if the gauss sector gap is smaller for lower h that the crossover to
emergent SO(4) symmetry can be made when increasing the inverse temperature g sufficiently.
However as one moves closer to h — 0 the correlation length of the system will diverge expo-
nentially which means that the gap will essentially be impossible to resolve. As noted before,
the bond-bond correlations are more temperature sensitive and the logarithmic corrections are
log—3/? () which favors faster decay for finite-size lattices. Importantly we note that the scaling

of larger inverse temperatures plateaus out and converges to the 1/r algeabraic decay.

We also performed a temperature scan for higher h to see the effect of a stronger electric field,
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Fig. 5.4. Staggered correlation functions in real space i.e. (—1)"C(r,0) for different temperatures. Only
odd points of r are plotted to avoid even-odd finite-size oscillations. Left: spin-spin correlation function.
Right: bond-bond correlation function.

Fig. 5.5. The plots show that lower temperatures are sufficient to obtain the SO(4) symmetry

when h is larger.
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Fig. 5.5. Staggered correlation functions in real space i.e. (—1)"C(r,0) for different temperatures. Only
odd points of r are plotted to avoid even-odd finite-size oscillations. Left: spin-spin correlation function.
Right: bond-bond correlation function.

We can conclude that lowering the energy scale makes it possible to dynamically generate Gauss’s
law even if the sector gap has decreased. However, as noted previously noted, for A — 0 we will
obtain a diverging correlation length which cannot be resolved with sufficiently low temperature

and also not with lattices of this size.
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5.2.3 h-parameter crossover

The second scan we will do corresponds to a horizontal line over the gapless and gapped regime.
Here we stay at the same temperature and lattice size such that only electric field strength h is

varied, see Fig. 5.6. We observe that the 1/r power law decay is obtained for higher values of h.

LOF ' ] 1.0F
¢ p=2N, N,=32

0.1

Csl)iu(r?())

0.01

1.0 10.0 1.0 10.0

Fig. 5.6. Staggered correlation functions in real space i.e. (—1)"C(r,0) over different electric field
stengths. Only odd points of r are plotted to avoid even-odd finite-size oscillations. Left: spin-spin corre-

lation function. Right: bond-bond correlation function.

The observed crossover here shows that the sector gap must increase with h as all simulations
are done at the same relative temperature. This means that the crossover between the frozen
limit and emergent SO(4) exhibits both a temperature and electric field strength dependence.
Which is predicted in the phase diagram.

5.2.4 Finite-size scaling

Finally we will consider the finite-size effects of our measurements. We vary the lattice size with

a fixed temperature ratio in the gapped SO(4) regime, see Fig. 5.7.

We observe that all curves line up with the 1/r power law decay with some expected finite-size

effects present.

5.3 HMC improvements

We have considered a few improvements of different parts in the HMC algorithm, namely some
different integrators in order to let us use a coerser integration step and the combinations of
different Green function samples. General scaling of sweeps and measurements are also made
and discussed with the DQMC algorithm.
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Fig. 5.7. Staggered correlation functions in real space i.e. (—=1)"C(r,0) to observe the finite-size scaling.

Only odd points of r are plotted to avoid even-odd finite-size oscillations. Left: spin-spin correlation

function. Right: bond-bond correlation function.

5.3.1 Acceptance rate of integrators

In Fig. 5.8 we can see the acceptance rates for different integrators. We see that the Omelyan

higher order integrating scheme has a huge difference in acceptance rate for lower values of h,

while also retaining a good acceptence rate for h = 1.25. However, we note that the multistep

based integrators did not work as expected. This means that the fluctuations from the gauge

fields or the kinetic energy are not what causes the numerical error of the integration, and it is

rather coming from the fermionic part.
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Fig. 5.8. Acceptance rate of different integrators for a simulation with Ny = 32,5 = 32, N, = 20.

All simulations were done with the same seed and no autotuning. (LF - leapfrog, O - Omelyan, MS -

multistep, OMS - Omelyan multistep)
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It is important to note that the two Omelyan-based integrators are second order which requires
twice the amount of CG iterations. In the light of this the difference is not so vast. However,
halving the time step € and doubling the integration times Ny of the leapfrog integrator does not
necessarily achieve the same acceptance rate. We also note that the autocorrelation time does
not linearly scale with integration length L. For example, doubling the trajectory length from
L =0.5to L =1.0 does not simply halve the autocorrelation time, it can reduce it much more

by exploring configuration space more efficiently.
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Fig. 5.9. Accuracy of N,, for different samples for Ny = 32, 8 = 64, h = 2.0. Every measurement is based
on the same simulation with Niperm = 500 and Ngjm = 1000 . Left: the expectation value and error of
the structure factor at k = 7 for spin, bond, and Green’s versus number of random vectors. Right: Error
plotted versus number of random vectors.

5.3.2 Error scaling of observables

Improving the measurement quality of observables are always vital to successful QMC simula-
tions, especially for HMC which commonly relies on the stochastic sampling of such observables.
This means that it is even more sensitive to noise than normal DQMC which computes the
Green’s function using exact propagators. Results of the improved sampling technique can be
seen in Fig. 5.9. The spin-spin correlation functions roughly follow a 1/N,, scaling while the

bond-bond correlations have clear 1/N,, scalings. The two point Green’s function only requires
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one random vector and can thus not be combined with other measurements yielding the expected
1/y/Nyy error scaling.

This might seem unrelated to the Fourier representation we derived as it is based on the combi-
natorics of Ny, which is correct. The important part, however, is that this large combination of
measurements does not slow down the general scaling of our algorithm. If we had done the normal

averaging would it result in the dominant O(N?) scaling together with (Nzrv) combinations.

5.3.3 Generic scaling of HMC

The scaling of HMC is a key strength of the algorithm and we have gone through some im-
provements of this in methods. Fig. 5.10 shows the general scaling of completing a sample and
measuring the observables. Both quantities shows a general scaling of O(L?) which can be at-
tributed to the complexity of solving MTMX = ¢ using the CG-method. It is expected for
the CG method to increase in iterations for larger lattices as the condition number grows. For
efficient preconditioners this issue can naturally be solved such that the number of iterations

stops growing with temporal or spatial lattice increases [62].
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Fig. 5.10. Scaling behavior for different lattice sizes. Simulations have used N, = 10 x Ny such that the
total volume is L? = 10 x N2. Furthermore h = 1.0 with N, = 20 using Omelyan multistep integrator
and N,, = 20 with all observables measured. The DQMC complexity is taken from [42] where O(3N,?) =
O(L*) and the starting point is set equal to that of the HMC sampling.

The slight constant shift is because Omelyan multistep requires 2 x N; CG iterations per sam-
pling. It is also important to note that the starting point of DQMC does not have to be equal
to HMC. In fact, it should probably be lower such that HMC surpasses DQMC at some higher

lattice size.

Lastly, a remark regarding the somewhat small lattice sizes for physical observables. HMC was

invented for high-energy physics where one requires (3 4+ 1) dimensions. In condensed matter
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physics it is generally used for (2 + 1) dimensionsional systems. If we assume the same scal-
ing such that O(N1%) and O(B5) for HMC then we have O(31°N2) whereas DQMC follows
O(BNS) [42]. This clearly favors the scaling of HMC in (2 + 1) dimensions while it falls some-
what short in time complexity for (1 + 1) dimensions. This also matters regarding the future

extensions of this project discussed in the conclusions.
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Chapter 6

Conclusions

We have derived an unconstrained compact U(1) LGT in (1 + 1)-dimensions from the spin 1/2
Heisenberg chain using a parton construction. From this, theoretical calculations were made
in order to map out a phase diagram of this gauge theory. We used non-abelian bosonization
to identify the emergent SO(4) symmetry which corresponds to the critical algeabraic scaling
of the spin-spin and bond-bond correlation functions. With a slave-boson approach it was also
possible to find the frozen limit of our model where the gauge fields together with the gauge
charged bosons condensed to a classic field. The state of this resulted in free fermions with
twisted boundary conditions. This is much like the spontaneous symmetry breaking of the Higgs
mechanism. By integrating out the fast modes we could further show that this is an unstable
phase, which means that the phase diagram in the ground-state should map onto the Heisenberg

spin chain for all finite values of h.

We obtained meaningful insights into unconstrained gauge theories by identifying the gauss
sector gap. The sector gap can be identified by observing the decay rate of the time-dependent
Green’s function. For finite size simulations this is related to the electric field strength h, where
the gapless regime was more prominent for low values of h. We identified the difference between
the gapped gauss sectors and gapless by a crossover which does not contain a singularity unlike

a phase transition.

The theoretical findings were resolved by constructing our own HMC program. The program
was built completely from scratch in Julia [78] and combined efficient numerical implementa-
tions developed for condensed matter physics, lattice gauge theories, and high-energy physics.
It was possible to implement more advanced numerical integrators which showed an increase
in performance, as well as improved scaling using the circular convolution theorem when com-
puting observables. We were, however, not successful in finding a preconditioner which yielded
a computational benefit. In the end, the program could do simulations of our theory and was
successful in capturing the gapped vs gapless regime, correct scaling dimensions of observables,

and the crossover.
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Future work on the subject would mainly be to extend the model to multiple chains coupled to
two-dimensional metallic surface in order to study it as a Kondo-Heisenberg model. This would
also be studied in terms of an unconstrained theory, which means that the findings made in this
work translates well into possible pitfalls of the extended model. Furthermore, the numerical
method of HMC, which has been developed here, could be generalized to model as a first ever
implementation which would hopefully lead to the study of Kondo breakdown and screening for
larger lattice sizes. Here it would be of great importance to find a preconditioner to lower the
amount of CG iterations. We suspect that this might be easier for this problem as the coupling to

a two-dimensional metallic surface will lower the lattice anisotropy of M and offer more stability.

The one-dimensional model could also be further advanced by introducing phonon coupling.
This does not break the local U(1) symmetry, so a parton construction is still valid. A given
consequence is that the phonons will couple to the spinons and cause an amplitude modulation
in the hopping, driving the spin-peierls instability. Naturally, this forms a dimerized state of
alternating strong and weak bonds identified as the VBS phase [79]. This alternating pattern
breaks the discrete translation symmetry by doubling the unit cell size. The result yields a true
long range VBS order while the spin excitations are gapped out and spin-spin correlations decay
exponentially. Now, for our purposes, the interplay between the phonon coupling and electric

field strength as well as the dynamical generation of Gauss’s law would be of interest.

Lastly we would like to develop more tools in order to pin down the gauss sector gap. For
example, one could formulate observables more closely related to Gauss’s law, such as <QZQ]> or
(Ebﬁ’b/). These can be derived from the coherent state PI formalism and give more rigid results
of the gauss sector gap instead of examining the shape of the time-dependent Green’s function.
This would not only help this work, these observables would serve as essential benchmarking

tools for future studies of the two-dimensional U (1) Kondo-Heisenberg model.
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